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Introduction. 

The extended notion of invariant developed by Klein and Lie has become 
one of the fundamental concepts of mathematical thought : to every group of 
transformations there corresponds a geometry, or theory of invanants, dealing 
with those propei'ties of geometrical or analytical configuralionSy lohich are un- 
altered by the group,* Of the theories which are thus possible few have actually 
been developed, the most important, of course, being that based upon the total 
group of linear transformations, i. e., projective geometry or the ordinary theory 
of forms. The theory of other groups also possessing an algebraic invariant 
theory has recently received well-deserved consideration, the most prominent 
investigator being Study, who has applied himself to various important sub- 
groups of the general projective group. A remarkable advance in the theory of 
such groups has been made by Maubeb, who has proved that algebraic forms 
possess a complete system of concomitants not merely with respect to the total 
group of linear transformations (as had been shown by Hilbebt), but also with 
respect to any subgroup, i. e., with respect to any linear group.f 

The present paper is concerned with projective geometry upon a non-degenerate 
quadric surface, or, more specifically, with 

the theory of the algebraic curves upon a proper quadric siurface, with 
(A) respect to those properties which are unaltered by the group of coUineaUons 
transforming the quadric into itself 

* Klein : Erktnger Programme (1872) ; Hohere OeametHe (1893). 

fOral oommanioation to the writer hy Professor Hilbbrt ; Maureb's paper in the 
Miinohner SitzuDgsberiohte was at the time inaooesBible. The method employed by 
Maureb is that developed by Hilbebt: CTe&er die Theorie der algebraisehen Formen^ Math- 
ematische Annalen, vol. 36, pp. 473-534, 1890, the Q process of p. 526 being generalized. 
Whether there are non-linear groups with algebraic invariant theories is still, so far as I know, 
an unsettled qnestion. 
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When the quadric reduces to a sphere the group of automorphic collineations 
has the same effect upon the points of the surface as the group of geometric in- 
versions upon the sphere. By inversion of the sphere into a plane the geometry 
reduces to 

(B) the inversion geometry of the plane^ 

so called since its group is generated by the inversions (transformations by recip- 
rocal radii vectores) of the plane ; this group may also be defined as the totality 
of point transformations which leave the family of circles invariant (Mobius' 
Kreisverwandschaft), The geometries (A) and (B) are equivalent in the gen- 
eral analytic sense which implies only the isomorphism of their groups ; further- 
more for the invariant methods developed in this paper they are identical.* The 
nomenclature employed has reference to the one or to the other geometry accord- 
ing as the problem is thus made clearer, but the distinction between them van- 
ishes in the algebraic results. 

Abstractly, the fundamental group of either (A) or (B) is a mixed six-param- 
eter group G', , consisting of two continuous systems of transformations G, , 
ff^ . These systems are distinguished in the (A) geometry by their effect upon 
the two sets of generators, the system G leaving each set invariant, while the 
system II interchanges the sets ; and similarly in the (B) geometry by their 
effect upon the miminal lines or circular points at infinity. The fact that G' is 
a mixed group, renders its invariant theory in some respects more complicated 
than that of the continuous subgroup G ; for in the G' theory it is not true that 
the sum (and a faiiiiori an integral function) of concomitants (of course homo- 
geneous) is also a concomitant. It is therefore expedient to consider the G' 
theory in connection with the G theory. 

The principal algebraic methods for treating the geometry (A) or (B) are 
based upon the following representations of the fundamental group. Li the 
quaternary method^ tetrahedral or tetracyclic coordinates are employed. The 
group (t' takes the form 

(1) G' «i = Z^.*a^* (i, *=1, 2, 3, 4), 

k 

where the transformation coefficients r^ satisfy the conditions which express that 
the fundamental quadric : 

(2) Q^Y^Pik^i^jc {pi*=PH; A^\pit\+0) 

i,k 

is, except for a factor, transformed into itself — the transformations of G being 



* This does not imply that the geometries are neoeasarily exactly eqaivalent ; but that the 
treatment of (B) by tetracyclio coordinates coincides with the treatment of (A) by tetrahedral 
coordinates, and similarly the treatment of (B) by minimal coordinates coincides with the treat- 
ment of (A) by generator coordinates. 
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distinguished by an additional relation (§ 1). In the dovhle binary method^ 
parameters X, : \« , u * u^ , are introduced in each set of venerators or minimal 
Les, the group 4mg the form: 

(3) 

H: x; = afi^ + 6/^2, X^ = cfi^ + dfi^; fi[ = a\ + fi\, fi'^ = y\ + S\. 

In the latter coordinate system, the general algebraic curve C^ ^ „ upon the quadric 
is represented by an equation of the form : 



m n 



where m , n are the partial orders of the curve and indicate the number of points 
in which it cuts the two sets of generators. The correspondence between the 
curves and the double binaiy forms is unique ; so that the (A) geometry is ade- 
quately represented by 

the theory of double binary forms with respect to independent linear 

(C) transformations of the variables^ and also with respect to the inter- 
change of the variables. 

This theory in connection with the (A) geometry is considered in chapter III. 

In the quaternary representation, this unique correspondence between the 
curves and the forms does not exist. The general curve C^,n (where say 
n=m + i, ^^0) requires, for its complete representation, fc + 1 quaternary 
forms in point coordinates, each of degree n : 

These k + 1 forms are however not unique (unless 7?i = ti = 1) ; they may be 
any k + 1 linearly independent members of the linear system : 

where ^1 • • • ^^^i are constants, and Jf is an arbitrary form of degree w. — 2 . It 
is necessary then to distinguish the quaternary theory of the (A) geometry, from 

(D) the theory of quaternary forms with respect to Hie groups G, G\ 

The foundations for this latter theory have been given by Study,* whose start- 
ing point is systems of linear forms, and final result the relation of (D) to 

the theory of systems of quatemary fornis including a quadric^ mth respect 
^ ^ to the general linear group T^^ . 

* Study, Ueher die Tnvarianten der projeeiiven Gruppe etntr quadratiahen MannigfaUigkeit wm 
nicht verachwindender DiscrimhianUy Leipziger Beriohte, vol.49, pp. 443-461, 1897. This 
paper will be referred to hereafter simply by the name of the author. 
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In the present paper the theory of the forms^ i. e. (D), (E), is considered 
only in so far as the results are necessary for the theory of the curves^ i. e. (A), 
(B). The treatment of (D) in § 1 is not to be understood as complete, for in it 
Study's relation between (D) and (E) is assumed. The theory of the curves is 
taken up in §§4, 4', the former considering the simplest (though most im- 
portant) class, i. e., the complete intersection or equi-ordinal curves (for which 
Xj = 0) ; while the latter, with less development, treats the general curve. The 
final result of the quaternary method (chapter I) is the reduction of (A) to (E). 

The relations between the two methods for treating the (A) or (B) geometry 
in the case of complete intersection curves— or more explicitly the relations be- 
tween (C) on the one hand, and (D) , (E) on the other — ^form the subject of 
chapter IV. The relations arc of interest not merely for the (^A) geometry, but 
also for the abstract theory of forms : they lead to principles of transference 
(Uebertragungsprincip) connecting the theories of quaternary and double binary 
forms, similar to Lindemann's relations between ternary and simple binary 
forms. * The remaining general theory is contained in chapter VI ; the methods 
there considered may be regarded as variations of the (C ) method. In the ap- 
plications, the (B) terminology is used almost exclusively^ the special curves 
treated being the circles (chapter II) and the cyclics or bicircular quartics 
(chapter V). 



CHAPTER I. 

The Quaternary Method. 

§1. Quaternary forms with respect to the groups G and G\ — Each transfor- 
mation g' : 

k 

of the group G' , reproduces the fimdamental quadric : 

6=i>x (A=|lH*|+0) 



except for a factor i> , ; so that 



HPuTia 



k& 

(1) -^^-r = I>^' (a,^ = l, 2, 3, 4). 

Pap 

The transformation discriminant D^, is closely related to the transformation de- 
tei^ninard S = |r^| , the former arising in the decomposition of the latter as fol- 
lows : 



* LlNDBMAN^N, 8ur une representation geometrique dea eovariantea des formes binaires, Balletin 
8ooiet4 Math^matique de Franoe, vol. 5, pp. 113-126, 1876; vol. 6, pp. l»5-207, 1877, 
Cf. Mathematiscfae Annalen, vol. 23, pp. 111-142, 1884. 
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\Pik\  Vik\ = \U ' "^^^^ ^«* = UPair^ ; 

a 

and 
where 

from (1). Therefore 

AS* = AD* , 
or 

the positive sign characterising the proper, and the negative the improper trans- 
formations ; so that we have 

(2) 8,=i>^ K=-^,- 

In the theory of the concomitants of quaternary forms with respect to the 
groups G and G\—i. e., of those rational integral functions of the coefficients 
and variables which are unaltered (except for a factor independent of the coeffi- 
cients and variables) by transformations g and g' , respectively, — the preceding 
formulae are fundamental. Considering for simplicity the invariants of a single 
form 

we have for a G invariant J, 

(8) ^K) = 4>,{r)I{a ) , 

and for a G invariant 

(4) 7(a,) = ,^,(r)7(a) , I{a,) ^ <f>,(r)I{a) , 

where a, , a, represent the coefficients of the transformed form, and <f> is inde- 
pendent of the a's. The inverse of g and h being also members of G and If, 

where Hfj^ is the minor of r^ in S = Ir^^^l ; therefore in both cases 



<t>{r)(f> (^\ ^ 1 or (f>(r)(f>{E) = 8^ = zh n^^ , 
from (2) . The discriminant I) being irreducible, ^(r) is of the form cD*^^ say 

The laws of combination of the transformations g and h give 

Cj ^ Cj , C-^C2 ^ Cj , Cg ^ Cj ; or Cj ^ 1 , Cj = ± 1 . 

Trans. Am. Math. Soc. 29 
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For a G invariarU the trarisformaJUon factor is a power of the discriminant D**. 
For a G' invaria/rU the factor produced by the transformations g is D**, while thai 
produced by h may be evthei* D*^ or — D**, thv^ creating a division of the G' 
invariants into even and odd. 

The theory of G and (r' invariants is closely related to the ordinary theory 
of forms, the connection being expressed in the following theorems. 

1°. — Every projective invariant T, of 

Q = pI, f=a:, 
ia a O' invariant of f. 

Bepresentiiig the general transformation of the projective group F,, by y , 

we have by assumption, 

n«v . Py) = «J^(« . P) . 

where X is the weight of T, Therefore 

9' 

fi being the degree of T in the p*s. Considered as a 6^' invariant, T is even 
or odd according as its weight X is even or odd. 

2°. — Every sum ^<l>j[^p)T.f where the (f>^s are arbitrary functions and the T's 
are all of the sarae degree in the a^s, is a G invariant ; if in addition^ the weights 
of the T's are either all even or all odd, the sum is a G' invariant 

This follows from 1° and from the fact that the exponent v , of the transforma- 
tion factor db D'' due to each term of the sum, depends only upon the degree in 
the a's, while the sign depends only upon whether the weight is even or odd. 

The converse of 2° has in substance been proved by Study * in the paper 
already cited. This converse is 

3°. — Every G invainant can be expressed in the form ^(f>i{p)T^ , the T's being 
all of the sam£ degt*ee in the a's ; in addition^ for a G invariant the weights of the 
T's will be either all even or all odd. 

Relations between the complete systems of concomitants for the (D) and 
(E) theories of the introduction, follow directly from these theorems. A com- 
plete T system, i. e., a system 7\ , T^ , • • . such that every T can be written 
T=sIi(^T^j jTj, •••), where i? is a rational integral function with numerical 
coefficients, — is also a complete G system, i. e., every G can be written 
G = RJiT^ » ^2 » • • •)i where i? is a rational integral function with coefficients 
which may involve the ^'s. More generally, a system 7\ , Tg , • • • such that every 
2^ can be written 7^= i? (2\, T^^ • • •), is a complete G system ; conversely, from 

^Leipziger Beriohte, vol. 49, p. 458. 
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every complete O system a system of T's can be derived with the property ex- 
pressed by r= i?^,(^M ^2» •••)• 

§ 2. Systems of quxxieiifiary forms containing a quadriCy with respect to the 
general projective group T^^ . — ^The simplicity of the theory of systems of formis 
containing a quadric, arises from the possibility of a reduction, peculiar to them, 
of contragrediency to cogrediency.* 

In the first place the original system 8 , containing a quadric and forms in any 
number of point and plane coordinates, may be replaced by another sysHem S', con- 
taining only point coardinates. For simplicity consider only one set of point 
coordinates x , and one of plane coordinates u . Let the system S be 

By the substitution u. = p^p , 

this becomes 

Q,f,l>=p.p:--- p'r\p',  • • K"".-" = ^r » 

x=p,-- -pT'Py  ' -p^r^'K = KB; ; 

which in turn, by the substitution 

y. = P. Up , 
becomes 

Q^ f^ = ^P • • • ApCm-l)Up • • . Up(m-1) = A'^(f> , 

X = K^p * * • Sp^,-\)Up . .  Wp(,-i) == A'x . 

The system S ' is composed of concomitants of S , and the system S^^ , of con- 
comitants of S' ; therefore every concomitant of S' is a concomitant of S , and 
every concomitant of S^ is a concomitant of S\ Again, since S^^ except for 
powers of A , coincides with /S, every concomitant of /S, multiplied by a suitable 
power of A , is a concomitant of S^ and therefore also oi S\ If then we re- 
gard the discriminant A , of the quadric Q , as a number, the systems S and S' 
are equivalent. 

In the second place, i/* again we regard A as a number^ it is sufficient.^ in 
the study of complete form systems^ to consider only in- and covariants. For, 
disregarding powers of A , by the substitution 

the totality of contravariants passes over into the totality of covariants ; and 
mixed concomitants (i. e., those involving both point and plane coordinates) 
become covariants in two or more sets of congredient variables. 

* Study, pp. 458, 459 gives this reduction for the (D) theory ; in the above the starting point 
is the (£) theory. Cf. the introduction. 
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§ 3. The apolar surface. — Consider the curve of intersection of the quadric 
^ = , and the nAaf^ . Of the totality of n-ic surfaces which pass through 
the curve, and which are therefore represented by 

(1) Xf+MQ^a 

(\ being a constant and M an arbitrary form of degree n — 2) , there is one 
which is of special importance in the theory of the curve, i. e., that one which is 
apolar to Q considered as a class quadric, 

A surface is apolar to Q when all its polar quadrics are harmonically circum- 
scribed with respect to Q, L e., when every polar quadric is circumscribed about 
an infinity of tetrahedra which are self -polar with respect to Q,* The covariant 



equated to zero, gives the locus of points whose polar quadrics are harmonic to 
Q : its identical vanishing is therefore the necessary and sufficient condition for 
the apolarity oij and Q . 

If F^ \f+ MQ is apolar to Q, 

(3) ilF^O, where ft ==5:P^^^. 



'%'^k 



It is necessary now to calculate D>(MQ) . We have 



)2 



or 



but 
and 



- (JifO)-0^^ iM^^ i^^^^ i^^^^ 
dxpXj^ ^ ^) ^ dx^j^ dxdxj^ dx. dxj^ dx^^ dx. ' 

a{MQ) = QaM+ MCIQ + 2XP« ^^ f^; 

1 k 

ft g = 22:P«,^« = 8A , 

= 2(w - 2)AJf . 



* Reyb, Ueber Algebraitehen Flacheu die zu einander Apolar «>ni{, Crelle, vol. 79, pp. 159-175, 
1874. 
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fore apply a method of Clebsch,* by which the concomitants in several sets of 
cogredient variables are deduced from identical concomitants and polars of con- 
comitants in one set of variables. The invariants are thus found to be of only 

two types : 

ApBp (including the tjrpe J.p) , 
and 

{ABCD). 

The contravariants, being invariants of S' and an additional circle, are 

wj,, ApUp, {ABCD)', 

and the covariants, by the second principle of § 2, are 

A^, {ABCp)p^. 

Collecting the preceding results one concludes : 

Every G or G' concomitant of the n linear forms yj i y*2 ' '" t fn^ ^^^ ^*> 
efGery inversion concomitant of the n corresponding circles^ is a rational integral 
function (the coefficients of which may involve the quantities p^j) of the fol- 
lowing concomitants : f 

^ — invariants of the type I^^ = ApBp , 







a 4( a u 



n covariants " " " f^^ A^^ 



(») 



(a) 



n contravariants of the type F^ = ApUp , 

" '' « G,^:^{ABCu), 

and the identical contravariant Q = ttj, . 

The non-symbolic expressions for these forms, in the case of the orthogonal 
system of tetracyclic coordinates {Q^ X) ^) ? ^^^ 

K^^(ABCD), g,^={ABCx), G^={ABOu). 

*Clebsch, Ud}er ein fundametUale Aufgahe der Invarianienlheorie, GSttingen Abhand- 
langen, toI. 17, p. 39, 1872. 

t These (or rather equivalent) forms are determined directly bj Study (p. 443 fit.), i. e., 
without passing to the ordinary theory of invariants ; the same is true of the quaternary syzy- 
(^es of J 7. 
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§ 6. Binary system. — In minimal coordinates * X , /Lb , the equation of a 

circle is 

a^^XfA + a^^X + a^^fA + a^^ = , 

or in homogeneous form, 

A Circle is therefore represented by a binary bilinear form with non^gredient 
Tariables. Such forms have been studied by PEANO.f If the n circles be 

their complete binary system is composed of the following forms : 
n of type /^ = a^a^ , 
n «* i^j = («»•)(«?) » 

" 4 =(aft)(ayS), 



n(n + 1) 



^i»4 = («c)(W)(ayS)(78) - (a6)(c(?)(a7)(ySS), 



(1) 



(s) " ^12, = («c)(a/3)5x'yM - («»)(«7K/3^ , 

(3) 



4( 



U 



G^ = (ac)(a/3)(6r)(7p) - (ai)(a7)(cr)(/3p) , 

Q = ('v'Xw') , 



where the variable circle occurring in the oontravariants is r^i\M'i + ^i2\^2 + 
^2i^a/*i + ^22^2^2 = ^aPm = ^aPm • This system may be deduced by Peano's di 
rect method ; it may also be obtained (except for L and M) by a transforma- 
tion of the quaternary results of § 5. (Cf. chapter IV.) 

* These are disouased in { 10. The simplest element in these oodrdinates is not the oiiole, bnt 
the minimal line, whose equation is of the form 01^1 + Oj^ = , or o^/^ -j- ayi^ := . The com- 
plete system of any number of sndi lines aK,b\, "' yf^m Pul'"} consists of the forms themselves 
and of the invariants (a5) , (a/3) , etc. 

fPsANO, Formaziani invariantive deUa correspcndemoy Giornale di Matematiche, vol. 
20, pp. 81-88, 1882. 
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The non-symboUe values of the concomitants (1) are 

/l = ^ll\f^l + ^12^/^2 + ^21^2/^1 + ^22^2/^2 » 

F, = a„ r^ — a,« n, — a^j r^, + a„ r^^, 



11 '22 



'12 '21 



11 11 22 12 21' 12 11 22 12 21 "^21 12 "^ 22 11 * 



K^.^ 



-12S4 



a 



11 



11 



11 



a 



12 



12 



'12 



a, 



21 



'21 



'21 



a, 



22 



22 



'22 



<?i, t?,« c?„, cZ, 



11 



'12 



21 



'22 



G^.« = 



123 



«ll «12 % «22 
^11 *12 &21 *22 



^11 ^12 ^21 ^22 



^11 ^12 '*21 ''22 



3^123= 



a 



11 



'11 



'11 



a 



12 



12 



'12 



a, 



21 



a, 



22 



^21 h 



'21 



'22 



, Q = 2rj,r22 - 2r,^^^ , . 



i^,- = 



12 



Jf- = 



12 



^2/^2 —^2/^1 — \/*2 ^2/^2 

(«11*12 - «12^1l)M + K1&22 - «Al+ «21^12 
Kl^l - «2i*il)/^? + («11^22 - «21*12+ « Al 



«22*il)W+ Kl^22 
«22^1l)^l/^2+ K*22 



«22*2l)^2 » 
«22^1>2 • 



§ 7. Syzygies in the preceding systems. — A series of simple considerations 
shows that the systems given in §§ 1 9 2 , are not only complete, but also irre- 
ducible ; however the members of the systems are not independent. For the 
quaternary system the relations among the invariants are* 



(1) 



^ -^a^y3-^a'0'7'«' = 



I^' 


I^' 


^ay' 


lay 


h.' 


Ififif 


-^^Y' 


-*/3a' 


-Sa' 


^Y^' 


^n' 


/yfi' 


/... 


^8P' 


J^By' 


!»' 



(2) 



^ia^fiyit + -*ip-^v«€a + Ay^fita^ + A^^tafiy + At-^afiyS = ^ ' 



The relation (1) is proved by decomposing the right hand member, after sub- 
stituting the symbolic values given in §5, as follows : 



•^P -^p "^p "^ p 



""•p ^ p 



ApDp 



Xjpt.i2.pt AJpfXJpr Xj pt Kj pt JtJpiJLJpf 



* Study, 1. 0., p. 444, gives relations equivalent to (1) and (2)| and also proves that they form 
the complete system of syzygies. 
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Dp 



JxpXj pt \j pftJJ put -^p Jj p ^ p 

■Apt JDpt \J pt JJ pt 



1 



Ar 


Bp 


Cp 


Dp 


 


A'p 


B'j. 


c; 


d; 


joLpf 


Bp, 


Cp/ 


Dp, 




A' 

XI. pi 


Bp, 


C/p/ 


B'j., 


• 


m 


• 


• 




m 


m 


• 


9 



= -^^{ABCDXA'B' c'D'){PP'r'r'y 

= A\AB CI)){A' B' CD') . 
The relation (2) is proved by rewriting the first member as follows : 



FpAp Bp Cp Dp Bp 



B, C, D, E, 



, B, C, D, E, 

The relations among the remaining forms of the quaternary system are of the 
same two types. Only a few, which are to be employed later, will here be writ- 
ten out. 

In (1) let f^ and f^, be the same degenerate circle, i. e., point circle ; then 

-^oa' Ap' -Siy' fa 

Ifia' ^PP' -^^y' ffi 

^ya' -'y^' -^yy' /y 

/.' f^' Jy' 

Again, lety) in (2) become a point ; then 
Another important syzjgy among the invariants is 



(8) 



^^ffafiyffa'P'y' = 



-^i.«' -^«m/ -*«»i/ -*-A/ -^--/ 



at' 



(6) 



-*fltt' -'flfl' ^By' -^Bh' ^Bt' 



•^ya' -^yfif -'yy' -^y«' -*y«' 



-'aa' -*«^' -'ay' -'w -'ae' 

Aa' Ap' Ay' Aa' -A*' 



= 0, 
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which is however not distinct from (1) and (2), for the above determinant may 
be written : 

The above relations apply also to the binary system, if in them we put A = 1 ; 
in addition,* 

— ^^afi-^yS = -^ayJpjB — -^aUfiJy ~ -^fiyJaJS + ^^UaJy '^Jy9aSfi ^ Jaff fiyS ' 



§ 8. Geometinc interpretatioTis.jf — ^Two systems of concomitants of circles 
have been given in §§ 6, 7. The first applies also to a quadric and a set of 
planes, the second also to a set of binary homographies in which the carriers are 
not regarded as superposed : for each of these points of view there is a corre- 
sponding geometric interpretation which will not, however, be given here. 

If then only circles in the plane be considered^ the interpretations of the van 
ishing of the concomitants are as follows : 

y, = , represents a circle ; and 

jP^ = , the linear complex of circles orthogonal to J^ . 

/^^ s= , is the condition for the degeneration of the circle y*; and 

/i2 = , is the condition for the orthogonality of f, and /, . 

-^1234 = , is the condition that the four circles yi ? ^ < ^3 » ^4 belong to a 

lii^ear system, i. e., have a common orthogonal circle. 

gr^23 = , represents the circle orthogonal to ^j , ^ , y^ ; and 

(tj23 = , represents the linear complex orthogonal to g^^^ . 

Q = , represents the quadratic complex consisting of all the degenerate 
circles of the plane. 

The preceding forms are common to both systems ; in the binary system we 
have, in addition, Z,„ M,,, which represent the pairs of minimal Unes of each 
series through the intersections of y*^ and ^ . 

All invariant relations of circles must be repreBentable through the above 
concomitants ; some examples will now be considered. 

 Peano, 1. o. 

fOn the geometry of oiroles see Study, Das Apollonische Problem, Mathematisohe An- 
na len, vol. 49, 1897. 

M5Bnjs, Kreisverwandschaft, Werke, vol. II, 1852. 

LoRiA, Oeometria della sferGf Memorie Acoademia Torino, vol. 36, 1885. 

Lachlan, Philosophical Transactions of the Royal Society, 1886. 
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The condition for the tangency of two circles f^'i f^ is 



-^21 -'22 



= 0; 



and the condition that three circles fxtff>fit ^ve a common point is 



•*fi •*•»« •*■• 



11 



12 



13 



z. z. z 



21 



22 •'23 



L. I^ L 



■81 



32 38 



= 



These are combinants applying eqaally to any two or three members of the 
linear systems tj^ + tj"^ , tj^ + tj^ + tj"^ , respectively. 

The circles cutting y*^ , ^ in four points whose anharmonic ratio is a , are 
given by 

/« + lV_ (Z,«r' - F,F;)' 

\a-l) - (I,,<T' - Fl){I^<T' - Fl) ^ 

the harmonic circles (i. e., a = — 1) being 

iy-F,F,=.o. 

As an application, let it be required to find the equation, in invariant form, of 
the cyclic curve* through eight given points f. The circle through the points 
1 , 2 , 3 , is <7„, = ; the system of circles through six of the points is therefore : 

n we impose the conditions for the curve going through the remaining two 
points, and eUminate <,,«,,«,, the required cydic is found to be 



^123 ^456 9^124 ^356 9^126 9i4& 



-^1287-"'«67 
•^1238-"'4568 



-**'1247"*^3fi«7 

jr XT' 

-"-1248-^3668 



•^1267"*^d4«7 
-**'1258'^*'W68 



= 0. 



§ 9. Ab^qlute invariants. — ^Two circles have a single absolute invariant : 

-*ll-^22 



* Otherwise bioiroalar biquadratic. » 

t Points may be considered as degenerate circles, so that the concomitants apply also to sets 

of points. The condition that two points lie on a minimal line is /^ = ; the condition that 

fuur points are cooircular is K^m = ; etc. 
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where 0^^ is the angle of the circles. All the absolute invariants of any namber 
of circles are functions of the quantities 

(7« = y^ = 008' e,, , 

0^ denoting the angle of the circles fi^i fj^l but- not every rational absolute in- 
variant is a rational function of the Cn^s . To obtain systems of absolute in- 
variants possessing the latter property — which systems may be called complete 
rational systems — ^it is necessary to introduce the absolute invariants 

\^) -^iklm — T t ^ ■'^iklm — T t * 

Every rational absolute invariant of any number of circles, with respect to the 
mixed inversion gi*oup G'^is a rational function of the quantities D^j^mf ^^^ 
respect to the continuous inversion group G , every rational absolute invariant is a 
7'ational function of the quantities E^^ . 

Consider now the case where the circles reduce to points. Four points 
P^P^P^P^ have two absolute invariants 

(2) « = A«.. /3 = A3«' 

which completely characterize their invariant properties with respect to the group 
G' . With respect to the group G , the simplest absolute invariants present 
themselves only in the minimal system of coordinates. Let the coordinates of 
/'j be a^ , &j ; then the fundamental absolute invariants of the four points are 

/ox „ («1 - <^s)(«2 - «4) ^ (^1 - W>t - K) 

The relations between (2) and (3) are 

a = (rr, ^ = {1 - o-)(l - t) . 

If the points be taken in all possible orders, six distinct pairs of values for a , 
13 and a , t are found : 



(4) 



1234: 


0, ^; 


a, t; 


1324: 


/3, a; 


1 — <r, 1 — t; 


1243: 


1 /3. 


1 1 

• 

a T 


1342: 


1 a 


1 1 

l_o-' 1_t' 


1423: 


^ 1. 
a' a' 


<7-l T-1 

<r T 


1432 : 


a 1 


<T T 


cr-l' T-l* 
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With respect to either group G or G\ the general set of four points is equiva- 
lent to itself in four ways. The ^' special'^ sets, i. e., those which are equivalent 
to themselves in more than four ways,* are as follows : 

First, as to the group G : 

1°. o- , T = , or 1 , 1 or cx> , oo ; equivalent to itself in 8 ways. This is 
the coincident set. 

2**. 0- , T =B — 1 , — 1 or 2 , 2 or ^ , ^ ; equivalent to itself in 8 ways. This 
is the harmonic set. 

3°. <r,T = o),l — 0) or 1 — o),® where o)' = — 1 ; 12 ways. This is the 
eqaianharmonic set. 

4°. <r , T = J , CD or 2,0 or —1,1; 8 ways. 

6°. <r,T = (»,l — fi) or 1— .G),o) where o)' = — 1 ; 12 ways. 

Second, as to the group G' : 

A. a , )8 = 1 , X or X , 1 or 1/X , 1/X where X 4= 1 ; 8 ways. This includes 
cases 1** (for which X = 0) and 2° (for which X = 4). 

B. a, j3 s=l ,1; 24 ways. This coincides with case 8^. 

C. a,^=0,— lor — l,Ooroo,oo; 8 ways. This coincides with case 4®. 

D. a, fi = €, €^or€^,€ where e^ = 1 ; 12 ways. This coincides with case 5°. 
The geometrical definitions and properties of these special sets present con- 
siderable interest, but will not be given here. 



CHAPTER III. 

The Binary Method. 

§ 10. Minimai coordinates. — In the system discussed in Chapter I (tetracyclic 
coordinates in the plane, or tetrahedral in space), not every algebraic curve can 
be represented by a single equation in connection with the identity ; for such an 
equation represents a curve cutting the minimal lines (or generators) of each 
system in the same number of points.f Calling the numbers which indicate how 
many times the lines of the two systems cut an (algebraic) curve, the partial 
orders of the curve, we see that the quaternary theory as developed in § 4 is 
restricted to the domain of '^ equi-ordinal " curves.;]: 



* It is to be noticed that this is not identical with the statement that the points admit more 
than four automorphic transformations : the text classification is based on the nnmber of equiva' 
lenceSf not on the namber of transformations, (In a classification based npon the latter, theoocir' 
colar set of fonr points would coant as special, since such a set admits eight tranformations.) 

t Conversely, every eqni-ordinal cnrve can be represented by a single tetracyclic equation. 
For the general theory see Klbin, Ein liniengeometrisehen Satz^ Gottingen Nachriohten, 
1872; or Mathematische Annalen, vol. 22, pp. 234-241, 1882. 

t This is not a necessary restriction of the system of tetracyclic coordinates, but only of the 
apolar method developed in § 4. Gf. J 4^, for curves whose partial orders are unequal. 
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This limitation is removed more oonveniently than in § 4' by the use of what 
may be termed the minimal system of coordinates.* In this, a point is determined 
by two coordinates X , /^ , the parameters of the pair of minimal lines (or genera- 
tors) through the point — the parameters being ordinary projective coordinates 
in the minimal pencils (or hyperpencils of generators). Instead of X , /n , we may 
introduce two pairs of homogeneous coordinates \ : X^ and ^^ : ^^ • 

A curve whose partial orders are m, ti, is represented by an equation 

/(\ , /i) = , of degree m in X and degree n ia fi. Introducing the homo- 
geneous coordinates, the equation of the general algebraic curve may be written 

(1) / =yi>, , X, ; M, , ^^ = 5:('^) (^)««^r*'^>rvj = , 

h and k varying from to m and from to n respectively. Symbolically, we 
may write 

(2) /=ar«; = 5«/3;^ , 

where the symbols have real meaning only in the combinations : 

The inversion group Gl in the present coordinates takes the form : 



(3) 



• cfi + a 7X + 



In the present chapter, however, attention will be restricted f to the continu- 
ous group G^g, which may also be written 

(4) G^ : L^ = a\ + b\, L^ = c\ + rfX^, M^^ afi^ + fifi^, M^^yfi^ -f S/a,. 

§ 11. Double binary forms. — From (2) and (4) we have : 

TTie invariant theory of curves for the group G^ , is equivalent to the theory of 
dauhle binary forms whose variables undergo independent linear transformatioiis. 

The theory of double binary forms in which the variables undergo the same 
linear transformation, may be regarded as completely known ; for we may pass 



* The system is fixed by three base points FP"P"': denoting the corresponding minimal lines 
by L'L"L'"M'WM"\ the coordinates of a point P are the anharmonic ratios A = {LL'L"L'")^ 
tt = (-aOf'if'if"). It has a theoretic advantage over the tetracyclic system, in that it intra- 
daces only invariant elements in its definition. 

t See 2 21 for the group G". 
Trans. Am. Math. Soc. 30 
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from the consideration of such forms, immediately to an equivalent system of 
simple binary forms. In fact the concomitants of the form r^«^ (where x and 
y are oogredient), are the concomitants of the set : * 



O: , {rsy^r'tr-' , (r«)V--2«; 



Where, however, the variables, as in a^a^^ , are not cogredient, but undergo 
distinct transformations, the theory is not so simple ; methods, analagous to 
those for simple binary forms, have beeu developed by Peano and Gordan f 
for determining the concomitants, and it has been proved that their totality may 
be represented by a complete system. In the following sections a geometric 
basis is given to these methods, principally by the consideration of the polar 
theory of the forms and curves. 

§ 12. Polar theory of the general curve Ci,»,„ . — The double binary form 

equated to zero, represents a curve cutting each X-line in n points, and each, /^line 
in m points — ^where by a X-line is meant a minimal line for which \ is constant, 
etc. Such a curve will be denoted by (7„ ,j ; so that a X-line is a Q o > a /A-line 
a Co 1, a circle a C, i, a cyclic curve a Cg^a* ^*®* Tiie general C^,^^ contains 
mn -f m + n independent constants ; its total order, i. e., the number of points 
in which it is cut by an arbitrary circle, is m + n. Two curves CI»^„, (7^,,^, in- 
tersect in mn + nm' points.:]: All C,»,„'s which have mn + m + n points in 
common, will in general also have mn — m — n additional points in common. 

Passing over the general properties of curves, of which the above are simple 
types, consider now the (inversion) polars of a curve CJ„,n • ^^ (^ » ^) polar 
-Pa, k of a point | , rj with respect to a cui^e f = ct'^o/^ = , ig defined thus : 

(2) P,^,^ayyr''<^''-'=^Oi 

which may al80 be written 

where 



P — A*A* f 



^Clbbsch, Gottingen Abhandlnngen, vol. 17, p. 23 ; Bindre Formen^ i 14. 

tPBANO, Atti Aooademia Torino, 1681 ; Giornale di Matematiche, toI. 20, pp. 
79-101, 1882. GoBDAN, Mathematische Annalen, vol. 23, pp. 372-369, 1889. 

X The general Cm, n , from the standpoint of projective geometry, is the special cnrve of order 
m -f- M} (^m+n) , which has multiple points of orders m , n at the circular i>oints /, J, respec- 
tively ; while from the point of view of inversion geometry, the general carve of order k . (^x) t is 
the special Cx , « , which has a multiple point of order k at infinity. Projectively, a CWn and a 
CW'w' cnt in (m + n)(TO^ + n^) points ; but of these the mm^ at / and the nn' at J are discarded 
in inversion geometry.J 
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In expanded form , 

(4) p*,* = e( •) (5)r*fi.?-v.A^... w.A, M) (♦z2; J;::;:). 

where 

fabcd = 1^ . . . (^ _ 0^ _ 6 — l)n . . . (n — c — d — 1) * d\\d\\dti{dtil ' 

The (A , A) polar may also be called the polar C^_f^^ »_4 ; this is put in evi- 
dence by introducing for it the double notation Pj^ ^.^ §w-a, n-* • 
The polar Cf^j^oi a point | , i? is therefore : 

The geometric definition of the polar curves may be obtained from the con- 
sideration of simple binary polarity in each of the minimal pencils. The curve 
/ = a'^aj^ may be regarded as establishing an (m , n) correspondence between 
the system of X-lines and the system of /alines : to each X-line there corresponds 
the n /i-lines fi^fi^ " - f^n ^^^^^S^ ^^^ intersections of the X-line with /, and to 
each /i-line the m X-lines X^ • • • X^ through the intersections of the /x-line with /. 
Similarly with respect to the curve, 

(5) ar*« = , 

to each X corresponds the /;th polar of 97 as to /lc^/li^ - - - M„ ; there are m X's , 
XjXg • • • X^ , such that with respect to the fi's corresponding to each in /, fi be- 
longs to the kth polar of r) . Passing from (5) to 

we obtain the required geometric definition : 

ITie (h , fc) polar of a poirit | , 77 mth respect to a curve C^,^i8 a curve §„»_a, n-* ^ 
generated by the following correspondence between the minimcd pencils : to each fi 
coi^espond those X's (m — h in number) which fonn the h-th polar of f vdth respect 
to XjXj • • • X^ — where the \''s are defined by the fact that the fi's corresponding to 
each inf are such that, tcith respect to them, fi belongs to the hth polar of rj; and 
similarly to each X, etc. 

Of special importance are the polars Q^^ , Q^^ , Q^^ . The polar minimal 
lines of a point P are 

and 

Q^Q is the linear polar of f with respect to the X's corresponding to 77 in /, and 
Qq^ the linear polar of rj with respect to the /a's corresponding to | in / . To 
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each point P there corresponds a definite conjugate point P\ the intersection of 
the polar minimal lines Q,^ , §,, . The number of points P which have a given 
point P' for conjugate is 

mn + (m — 1) {ii — 1) = 2mn — m — n + 1 ; 

only in the case of the circle * (m = 1 , n = 1) , therefore, is the c»onjugate re- 
lation involutorial. 

The polar circle of P is, 

Qii = ^r'^r'^^'*^ =/ii\^i +fi2\f^2 +/21V1 +/22V2 • 

It is generated by a (1 , 1) con*espondence : to each fi corresponds the linear 
polar of f with respect to X| • • • X^ , where the X"s are such that with respect 
to the /i's corresponding in y*, fi is the linear polar of r). 

Between the polar minimal lines, the polar circles, and the conjugate point of 
any point P with respect to/, there exists this relation : the pair of lines through 
the given point is cut in the same two points by the polar circle and by the 
polar minimal lines ; or the conjugate of P is the inverse of P with respect to 
the polar circle. 

The general properties of the polar curves may be developed by practically the 
same methods as in the projective theory. If the point B lies on the (A , k) 
polar of the point A , A lies on the (m — h^ n — k) polar of B . The polar C^^^ 
of P with respect to/ is also the polar C^ of P with respect to any polar of y. 
The (hk) polar of P with respect to the (A'fe') polar of P is the (A + A' , k + k') 
polar oi P , If P lies on / , all its polars are tangent to y at P , etc. 

§ 13. Transvedants. — In the theory of simple binary forms, the most important 
process for the formation of invariants is that of transvection (Ueberschiebung) : 
Clebsch and Gordan have shown that this single process, by repeated appli- 
cation, will yield the totality of concomitants. An analogous process of double 
transvection (doppio scorrimento), has been applied by PEANOf to the double 
binary forms. 

Let any two forms (not necessarily distinct) be 

their (hk) double transvedard is defined by 

(1) (/<^)« = (a6)*(a/3)*or**r'-*«:-*/3"; 



-* 



* In this case the relation of oonjngacj coincides with inversion. 

tPEANO, Formazioni invariantive deUa correspondenza, Gioruale di Mateniatiche, vol. 
20, p. 79, 1882. 
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The non-symbolic expression is 

(2) (f<f>\,= i^i^'A-^f^mmt^^K., 

where ft^ , fig ^^^ *^® operators defined by * 

1_(_^ ^\ ^ 1 / d" _ d" \ 

Transvectants are covariants which are linear in the coefficients of each form. 
If / and <^ have the same orders m^ n^ the (mn) transvectant is an invariant 

which, as in the case of simple binary forms, may be called the bilinear, har- 
monic or apolar invariant of the forms. 

Theorem. The locus of points whose polar Cj^^j^s with respect to f and <f> are 

apolar is {f4>)hk = ^ • 
For the polar Cj^^j^s are 

therefore their apolar invariant is 

When / and <^ coincide, the theorem becomes : the locus of points whose polar 
Cj^^% with respect to f axe self -apolar is {ff)^^ = . 

Consider now the simplest transvectants, which play the role here of Jacob- 
ians and Hessians in projective geometry : 

Wo. = («/3)ar6r'«r'/3-;-' =/,.<^o» -sj>ox - 

The curve (/<^)io = is the locus of points whose polar \-lines with respect to 
/ and <^ coincide ; for the points of (/<^)oi = the polar /a lines coincide. 

If a point lies on both these transvectants, it has the same minimal lines with 
respect to each of the curves, therefore : 

There are 2(m + m) (n -f n) -— 2(m -f ?i + m' + n) + 4 points whose con- 
jugate points with respect to f and (f> coincide; these are the intersections of {f<f>)iQ 
and {f<f>\i , o/nd include the mn + m'n intersections off and (f> . 

Q*^ I / ^' ^' V 



'-* 



Q 



* n(n— 1) ••(»* — ^-l-l)»'(n' — l) ...(>/ — A; + l) Wi^^, ^f^^^i) * 
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The (1 , 1) InuiBveetant k 

=/ll^22 — /l2^22 — /21^12 +/22^11 > 

or, when the forms coincide, 

(//)u = (««')(««')<-'«:"'-'<-*«;-' 

^ '4/ 11./22 ^uJil • 

For this case the first theorem of this section gives : 

The (1 , 1) transvedant of two curves is the locus of points whose polar circles 
with respect to the two curves are orthog(mal. 

The (1 , 1) transvedant of a curve over 'itself is the locus of points whose polar 
drdes are degeneraie. Therefore (ff)^^=sO cuts fin its minimal points, the numr- 
ber of the latter being 4m7i — 2m — 2n . By a minimal point of a curve is meant 
one where the tangent line is a minimal line. At such a point the polar circle 
consists of the pair of minimal lines through the point. 

§14. Some simultaneous covariants. — Denote the polar circles of a point P 
with respect to the curves y*, <^ > '^ • • • by (7^ , C7^ , C^ • • • ; so that 

^/ = «r'«r'«A% =/iiVi +/i2\/*2 +/21V1 +/22V2' etc. 

Then, from § 6 and § 13, 



(1) 



K(0,C,C,C^) = 



J 11 J12 /2I /22 — ^1 • 

^n ^12 ^21 ^22 

^11 ^12 ^21 ^22 

Xn X12 X21 X22 

Any point P may be considered as a degenerate circle, i. e., as the circle with the 
equation P = (f\) (17/*) = ; adding this to the system of polar circles, we have 



I{C,P) = afU^ar'a'-' =/, 



AiC,C,0,F) = 


fu 


fn 


J2I J 73. 




<f>^^ 


«^u 


^21 *^22 




V^u 


t« 


T2I T22 




Vs 


-Vi 


- \^2 \i^X 



= /S 



2 
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From these formuke we can write down at once any covariant which is defined by 
a property of the polar circles and P. Thus the locus of points sach that the 
polar circles with respect to f and <^ are tangent, is {ff\i {4^i<f>)n — {f^)n = 
(§ 8). The locus defined by C^ , (7^ and P having a common point is 

(//X. if<l>)u f 

The defining property of 8^ above is that CjC^ C^ C^ have a common orthogonal 
circle. Symbolically, 

S, = {{ac) (bd) (a/3) (78) - (ab) {cd) (ay) {l3S)}ar'al" • • • df^'S;:''-' . 

Its square is expressible in simple transvectants thus : 



s\ = 



Jll J\2 J%1 J22 



X 



/22 /2I J\2 Jll 



(//)n (/<^)u (/^)u (/X)n 



Similarly S^ is the locus of points P for which C^C^ O^ and P have a common 
orthogonal circle ; 



s, = {(oc) («/3)5,7^ - (a6)(«7)cAK-'«r'6r-'/3";-'cr-'<'-' ; 



and 

(2) 



Sl^ 



(//).. (/*)u (/V^)u / 



/ 



<!> 



ytf 







§ 15. The discriminants and the nodal invariant. — K in y = a'J^a''^ we consider 
\ or /i as being the only variable, and take the corresponding discriminants, 
we obtain two simple binary forms -Dj(X) , D^if^) » which may be called the 
discriminants* of f. Let the symbolic discriminant of a*"^ be Aj(a , /8 , • • •) ; 
it will contain in all 2(n — 1) symbols a , ^, • • • . Similarly the discriminant 
A^(a , 6 , . • •) of aj contains 2(m — 1) symbols ; D^ and D^ are then 



(1) 









their orders being 2(7i — l)m and 2(m — l)7i. They represent the tangent 
minimal lines of y , the total number of such lines being 4mn — 2m — 27i as 
found before (§ 13). 



Capelli, Sopra la carrispondema (2, 2), Giornale di Sdatematiohe, vol. 17, p. 75, 1879. 
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We consider now certain invariants of / which have simple geometric inter- 
pretations. Let 8^ =3 be the condition for two X-tangents following together ; 
P^ = the condition for an inflexional Vtangent ; Q^ = the condition for a 
doable A^-tangent ; and S^ = , P^ = , Qj = ^ ^^^ corresponding conditions 
for /i-tangents. 

From geometric considerations, 

To determine a , & , c we must calculate the degrees of the invariants. The in- 
variant Sj is the discriminant of 2)|(X) ; its degree is therefore 

4(/i-l){2m(n-l)-l}. 

Again P^ , Q^^ equated to , are the conditions for the existence of a \ 
for which the equation f(\ , /i) = has a triple root, and two double roots re- 
spectively ; their degrees may be found then, from Salmon's general formulae 
for the order and weight of systems of equations. * It is thus found that the 
degree of P^ is 6m(n — 2) , and the degree of Qj is 4m( n— 2)(n — 8) . 
To determine a , & , c , we have then the equations : 

4(n - l){2m{n^ 1) - 1} = a[iV^] + 66m( w - 2) + 4c/w.(7i - 2)( n - 3) , 

4(m _ l){2n{m - 1) - 1} = a[iV^] -f Qbn{m - 2) + icn(m - 2){m - 3) , 

where [JV] denotes the degree of iV. Equating the values of a[iV'] , we ob- 
tain 6 = 8, c = 2 ; and determining a from the values of the invariants for the 
circle, we have 

(2) S, = JVPJ§*, S.^NPIQI. 

The nodal invariant is the greatest common, divisor of the discriminants S ^ , S ^ , 
of the discriminants i)^ , D^^ off. Its degree is Qmn — 4(m -f n — 1) . f 

§ 16. CoTdravaria/nts. — ^Besides invariants and co variants, forms involving 
the coordinates of a variable circle are also of geometric importance ; such a 
form, equated to zero, denotes a complex of circles with invariant relations to 
the given curve or curves. The variable circle will be taken in the form : 

(1) G^ ^ll^lMl + ^12\/*2 + ^21 Vl + ^22 V2 = »'a/>m • 



* Salmond-Fibldeb, Raumgeometriey 3d edition, vol. II, p. 595, formalse for oases c) and d). 

t The intersection of two surfaces can have a node only if the anrfaces are tangential. Therefore 
m the case where/ is eqai-ordinal, /= d!la* , the problem of finding N is equivalent to the prob- 
lem of finding the tact-invariant of a qnadrioaud the general surface of order n . The above re- 
sult then gives a method of finding this tact-invariant by purely binary considerations. The 
degree is 6n> — 8n -|- 4 , as may also be found from quaternary considerations (Salmon-Fielder, 
Baumgeometrie, 3d edition, II, 609). 
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The circle G intersects /= a'^a''^ in m + n points, whose coordinates are ob- 
tained by the elimination of X or /i from (7= , / s ; thus we obtain two 
binary forms : 

the first representing the \4ines, and the second the /i-lines, through the inter- 
sections of C and /. That it is necessary in general to consider only one of 
these forms is shown by the theorem : 

If C i8 not degenercUe, the forms L and M are equivalent. 

This is proved by showing that the substitution 

\ = - ^llA^l - ^12^2 = - '^iPy^ 1 

whose modulus 

- i {rr'){pp) = ~ J cr' 

is not zero by assumption— transforms L into M except for a factor. We have 

L' = {ap') . . . {ap^-y^ . . . (a7«y;XrV'>; • . . (r^"V«y»o . 
but 

{rr){ap)p^ = - cr'a^ ; 
therefore 

i' = (- l)V'«if . 

The equivalence may also be seen geometrically ; for L and M on the circle C 
represent the same points in different systems of linear coordinates. 

From X or Jf a large class of contravariants may be deduced, since every 
invariant of Z or J[f is a contravariant of /. Thus to every inva)*iant of a 
binary fomi of order m + n, corresponds a contravariant of the double binary 
foTi^m f = a'^a''^ ; this contravariant represents the complex of circles, each of 
which cuts / in m + n points having the property denoted by the vanishing of 
the binary invariant.* 

As an application consider the discriminants Dj^ and D^^ , of L and M. 
The discriminant jD^ can vanish only if the circle C is tangent toy, or if two 
of the points of intersection lie on a \-line — the latter case occuning only where 
C is degenerate. If we denote the complex of tangent circles by <l> , we have 



Dr = <I>V 



'6 



* Compare the Clebsch U^tertragungaprindp, Lindem ANN, Geomeiriej vol. I, p. 276. Similarly 
every oovariant of the binary form gives a mixed ooDcomitant of /, 1. e., a oonoomitant involv- 
ing the oodrdinates of both a variable point and a variable circle. 
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ft 

Reasoning as in the preceding article, we find 

(4) Dj^^^a'<--^\ i)^=4)cr'"'<--i\ 

The tangential complex <I> may therefore be obtained by forming either dis- 
criminant Dj^ or D^^ and neglecting the irrelevant complex of degenerate 
circles. Its degree (in coefficients of f) is 2{m + n — 1) , and its class (degree 
in coefficients of 0)is 2mn . * 

Another method which is useful in the formation of contravariants, is founded 
upon a principle by which from any equi-co variant, i. e., a covariant which is 
equi-ordinal — we may obtain a corresponding contravariant ; and conversely, 
from any oontravariant, a corresponding covariant. Any contravariaiit XI of a 
system of forms can be written 

(5) a = (tr) (t/) . . . (<r(*-^) ) (rp) (rp') • • • (rp^*-^) ) . 
If in (5) we put (tr) = t^ , (rp) = t^ , we obtain a covariant 

(6) F=<»t;, 

involving X and M iu tlie same orders ; and similarly, from any equi^variant (6) 
a corresponding contravariant (5) may be derived. 

From any contravariant £1 , a covariant V may be obtained by substituting 
point coordinates X , fi for the symbols r , /> of the variable circle which 
occurs in il ; and from any equi-covariant F, a contravariant ft may be ob- 
tained by substituting for X , /i the symbols of a circle. 

Using the definition of the polar circle of a given circle with respect to a 
curve, which is given later (§ 24), the geometric relations of corresponding co- 
variants and contravariants are : 

F = is the locus of the vertices of the degenerate circles cojitained in fl = ; 
while 11 = is the complex of drdes which are orthogonal to their polar circles 
with respect to the curve F = . 



CHAPTER IV. 

Connection of the Binaby and Quaternary Theories. 

In the preceding, the binary and quaternary methods have been considered 
independently of each other ; but the fact that both are methods which apply to 



* The olasB of the tangential oomplez may also he ohtained from projective oonsiderations. 
The olass of 4 is the namber of circles in any pencil of circles, which are tangent to/ ; it is there- 
fore also the namber of lines through a point, which are tangent to/, i. e., it is the (projective) 
claas of the carve/, which from Pluckbb's formala is 

(m + n)(fn + n — 1) — fii(m — 1) — n{n — l) = 2iiin . 
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the same geometry, indicates a certain isomorphism between the two. The ex- 
plicit form of this connection will be studied in the present section. It will be 
shown how the apolar surface which proved to be fundamental in the quaternary 
theory, also presents itself from the binary point of view ; and how we may pass 
from a quaternary concomitant to a corresponding binary concomitant. 

§ 17. Parametric representation of the fundamental quadrie. — Consider any 
four circles not belonging to a linear system, 

(1) C; = a;,a^, C^ = \^^, ^3=^a7mi 0,=^d^^. 

In connection with these there are the covariant orthogonal cii*cles 

(2) cr, = a,Z^, cr, = M^, (7, = cJ^, c: = d,\, 

where for example C[ is the circle orthogonal to C^C^C^^ so that 



and the invariants 



(3) 



or 



«A% = (6d)(y37K8^-(6c)(y38K7^, etc.; 

Jji = {aa){a a) , I^^ = (a 6)(a /S) , etc., 

/;i= (aa){aa) , J^^^ {ab){a^) , etc., 
I'.f^ = minor of 7^.^ in the determinant ]Z^| , 



(4) D^K,^ = {ac)(bdXa^){yS) - {ab)(ld){ay){^S), 1^ = |/:,| , 

Let XjX^jfc^ be homogeneous coordinates in space, and put 

(5) P^i-=ctx%^ P^2^^^i^y paj3=C;,7^, px^^d^^. 

This is the parametric representation of a quadrie ; for the four circles C^ C^ C^ C^ 
are connected by the identity (§7) : 



I4N c, 

<7„ 



sO, 



where the left hand member denotes the fifth order determinant obtained by 
bordering the fourth order determinant |/.J . 
The equation of the quadrie (5) is therefore 



(6) 



Q = pl-- 



\I I X 



=E^:*'«.^*=o- 
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Tliis represents tbe most general non-degenerate quadric ; for the invariants /^^ 
are independent, and the discriminant 

by the assumption that C^C^C^C^ are linearly independent, can not vanish. 
Again the x\ may be regarded as the tetracyclic coordinates of the point X, /i, 
the base circles being C^C^C^C^^ and the identity being Q = . 
The tangential equation of Q is, 

(8) « = «?.= \{iyp'p"uf ^D'Y. -^w*"* = • 

Any circle (7= r^^ is connected with C^Cfi^C^ by the identity [(4) § 7], 

(9) Dr^^ s {r^) (pa)C, + (r6) {pfi)C, + etc.; 
therefore its quaternary coordinates are 

(10) u^ = (ar) (Ip) , u^ = (6r) {^p) , u^ = (cr) (7/)) , w, = (dr) (Sp) . 

The formulsB (5) institute a (1 , 1) correspondence between the points (X , /i) 
of a plane and points x. of the quadric (6). In this correspondence the points 
of a circle in the plane correspond to the points of a plane section of Q ; the 
formulsB (10) show how the coordinates of corresponding circles and planes are 
connected. 

§ 18. The apolar surface corresponding to an eqai-form. — Consider any double 
binary form 

(1) / = o.>l 

whose partial orders are equaL Such an *^ equi-form " may be expressed in 
terms of the four bilinear forms C^C^C^C^. For by (9) § 17, 

Da^a^ » {aa){aa)aya^ + etc.; 
therefore, 

(2) D^alal = [(aa')(aa')aX + {al') (afi')bi$l + '"1 

X [ {aa') {aayila"^ + ] 



(3) 



X [ (a a(">) (a a("))ai'*)a(;> + ] . 

Introducing the a^'s by (1) § 17, we have 

where the symbols A are defined by 

A^=i{aa){aa)^{aa){aa)=i • .., A^=^ (ab)(a^) = (a6')(ay8')= • • • 

A^= {ac){aj) =i {ac){ay') ss ..., ^^ = (ad)(aS)»= (ad')(a8') = •• • . 
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Starting with the binary form /= aX . we obtain in this way a perfectly 
definite quaternary form -F == J." . For all points of the quadric Q , the form 
F vanishes when and only when / does — ^that is to say, in space, jP = rep- 
resents a surface which cuts the quadric Q in the curve /=0, — ^but obviously 
this alone does not determine F. The determination is completed in the 

Fundamental Theorem. — The quaternary form i^ = ^^ , which corresponds 
[by (3)] to a double binary form /= ala"*^ , represefrds that surface through the 
curve f ^=0 on the quadric Q , which is apolar to Q . 

To prove this, consider the covariant ApA^"^ : 

|J:,| (aa)(««)! + (aa)(««)|j;,| = 0, 

(aa'){aa) (aa)(aa)i 

by § 3 ; therefore A%Al"^ = , and i^ is apolar to Q (§ 3) . 

This result gives a method for determining the apolar surface F passing 
through a curve on Q , which is essentially different from that in § 9. Let the 
curve be determined by any surface F' ^ which passes through it; by the 
substitution (5) § 17, F' becomes a double binary form /= ala""^ ; then by (3) 
we pass from / to a quaternary form F which will be the required apolar form. 

If Q is taken in the form 

the parametric representation may be put into the normal form 

Then the F corresponding to / = ala""^ is 

F = {a^a^x^ + a^a^^ + a^a^x^ + «2«2^4)" 5 
and the passage from F' to F may be formulated as follows : let 

F' ^Yi <^<M^2^l^l 1 
where c denotes the numerical and C the literal coefficients ; substitute a;^ = X/i , 
a?2 = X, a?3 = /i , a?^ = 1 , so that F' becomes, say, 

'Z(c,C, + c,C,+ '")\^fi'; 
in this put Cj = Cg = etc. ; the result will be F. 

§ 19. Coincidence of the binary and quaternary polar theories. — It has been 
seen in chapter II that the study of a curve in tetracyclic coordinates depends 
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intimately upon the apolar form F; and by means o£ the quaternary polars of 
F^ a complete quaternary polar theory of curves might have been developed. 
This was not done however, only binary polars being considered in § 12. The 
question may then arise, whether curves have two distinct inversion polar theories, 
a binary and a quaternary. 

The apolar form corresponding to 

is, by (3), 

For the points of Q , we have 

jin _ jy^a^a*" , A = Data , 

jf X ft ij A p. ' 

where y or f , ^ is any point of Q. Again, since F is apolar to Q , so are all its 
polars A^Al"^ . Therefore 

Iff and F are corresponding foi'ms, so are their polars PjJ^f) and Fj,{F) . 

This gives a characteristic property of the apolar surface F. The polar sur- 
faeces of any point of Q mith respect to the surface F intersect Q in the {equi- 
ordinal) polars of the same point vnth respect to the curve f; or briefly, the two 
polar theories coincide.* 

§20. Symbolic relations.^ — ^The object of this section is to develop the form- 
ulsB by which, from a quaternary concomitant, we may pass to a corresponding 
binary concomitant and conversely. The fundamental quadric, its contrava- 
riant and its discriminant are 

(1) «=pf. e=^5>=K2>py^)^ ^--ihippypy--ipp=i^' 

The symbols of binary forms, corresponding to quaternary forms whose symbols 
are J. , -B , C • • •, will be written a^ a; 6 , /8 ; c , 7 ; • • . , so that by (3) § 18, 

A^ = {aa){aa ) , A^= {ab){a^) , 
(2) 5, = (6a)(/8l), 5, = (6l)(/S;S) , 

(7i = (ca)(7a), O2 = (c6)(7^) , -.., etc. 

* Attention is restricted here to the equi-ordinal binary polars, sinoe the others oan not be 
represented by a single qoatemary form ; if we include all the polars, the quaternary theory 
forms merely a part of the binary theory. 

t For relations connecting ternary and simple binary forms, Cf . Lindbmann, Sur une reprS- 
sentaiian gkomHrique des covariants des formes btnaires^ Bulletin Soci^t^ Math^matique 
de France, toI. 5, pp. 113-126, 1876, vol. 6,pp . 195-208, 1877; also Mathematische 
Anna 1 en, vol. 23. 
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From these we have the fundamental relations : 



(8) {ABCD) = 



(a a)( aa) , (a b)(afi) , 
(6a)(/3a), (66)(i9^), 



^1^1 ^1*2 ^2**1 ^^2 

6j/3, 6i/32 62/Si ftj/Sj 


X 


^1^1 » ^A> ^2*1 ^2^ 









= B^{{ae){bd){a^{yS) - (a6)(cd)(«7)(/3S)} [(4) § 17] ; 



(4) A^^ = lippyAXpp'p'B) = D* 2 7^^,B, 



-ik;*i a 



^u 



/: 



tJfe 



{aa){aa) 



+ (o6)(«/9)K:. 



(5) 



{pp'AE) {pp'CD) - 2i)» 



(6a')(/3a') (a6)(a/3) 

[(6) § 7 and (4) § 17] ; 

(ac) (07) (ad) (aS) 
(6c) (/37) (6d)(/38) 



(pABC){p'DEF) = ^ D» 



(ad)(«S), (a€)(«), (a/)(a<^) 



(ABCD){A'Baiy) = JDfi (ao') (««»')' («*')(«'^' («c')(«7')' (<w^)(«^) 



D«{(ac)(6d)(a/3)(7S) - (oA) (cd) (07) (^98)} {(a'c')(6'd')(«'/30(780 

-(a'6')(c'<f)(aV)(i8'«')}; 



(6) 



-4, = DoyO.^ ; 



A~M 



( j>^£a);), = ^ 









dx. 



A^ A^ A^ A^ 
A A ^3 ^4 

C, C, C, G, 
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and on substituting 



+-fi>« = 



«A«M 



'21 



bA 



'81 



41 



we obtain 






(7) ipABC)p^=D 


c. 


Cj • • • 




A 


^2 * • ' 




A 


JSg 




c^ 


Oj • • • 



A/^M 



'22 



'32 



42 



= DC;, etc. [(2) §17], 



= D*{(ac)(a/3)6,7^ - (ofc) (07)0,7;,} 



§ 21. ^awa/brmo^ioTi o/" ^Ae concomitants. — ^The general G concomitant of 
a system of quaternary forms can be written (§ 1) 

where T represents the general projective concomitant of the quaternary forms 
and the fundamental quadric. We may therefore apply the Clebsch-Aronhold 
symbolism : every G concomitant of the form A^ is symbolically a concomitant 
of the linear forms -4^, jB^, • . . . From § 5, then, S can be symbolically ex- 
pressed in terms of the types 

^^ a : {ABCD) , {AB Cp)p^ , {AB Gu) . 

Furthermore the square of the type G can be expressed in terms of the type G . 
Therefore S can be written 

(2) S=R{G) + Y.<yR{G), 

where R and R denote rational integral functions. 

Every G' concomitant can he reditced to one of the forms 

(3) B{0), ^aH'iO), 

according as it is even or odd (§ 1). 

Consider now the symbolic representation of the concomitants of double binary 
forms. Every concomitant of a^a^ is expressible symbolically through the types : * 

(aft), (a/3), aj,, a^, (ar), (ap), 

* If X and /i are OQgredient we must add the types {aa), a^, a^, (ap) ^ {ar) ; for distinot 
transformations of ^ and fi, however, such types are not invariant. Of. CapellI) Giornale 
di Matematiche, 1879, p. 71. 
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by the general theory of the Qebsch-Aronhold symbolism. If we limit ourselves 
to equi-forms y= ala"*^ , every equi-ooncomitant ^ is symbolically a concomitant 
of the bilinear forms a^^a^ , bj>^ , • • • ; and therefore (§6) expressible through the 
types 

fl : [aft] = (ab) (a/8), ^au] «= (ar) (ap)^ {a\} = a^^a^ ; 

labcd] = {(ac) (bd) (ayS) (78) - (ab) {cd) (ay) (ySS)} , 
ft': labcu] = {{ac) (a/S) (br) (jp) - (ab) (ay) (cr) (^p)} , 

{abcX} = {{ac) {a^ 6,7^ - {ab) {ay) c,fi^} . 

Of the second type ft' , only the first power is necessary (§ 7) ; therefore 

(6) B = i?(ft) + ^ii'R{a) . 

Those jB's which are invariant also for the transformations H^ that is^ con- 
comitants of the group G\ can be reduced to one of the forms : 

(6) i?(ft), 2:'ft'iJ'("). 

thejirHt characterising those of even, and the second those of odd character,* 

If now the forms / = a'la*'^ and F ^^ F^ correspond in the sense of § 18 , the 
types ft , ft' and , 0' are connected by the relations given in the preceding 
section. From (2) , (3) , (4) , (5) we have then the fundamental 

Theorem. — From every eqiu-eoncomitant of a system of double binary equi- 
forms, may be deinved a concomitant of the system of corresponding {apolar) 
qiwJternary foi*ms, by substituting for every type symbol ft , ft' a corresponding 
type symbol , 0' ; conversely , a binary concomitant may be derived from every 
quaternary concomitant. In this transformation an even G' concomitant remains 
an even G' concomitant, and an odd remains odd. Geometrically, corresponding 
concomitants are equivalent, their vanishing having the same interpretation. The 
equivalence holds also in an algdyraic sense, since corresponding forms are connected 
by the same syzygies, and a complete system remains complete after transformation. 
Another set of relations is obtained by considering, instead of the G and G' 
concomitants of the quaternary forms -F, F\ • • . , the ordinary (projective) 
concomitants of the enlarged system : f 

§, F, F', .... 



* By the method efaiployed in { 1 , it may be shown that for O oonoomitants the factor pro- 
dnoed by transformation is of the form D{Z)i, where Di = {ad — be), D^^= (ad — /3y), (4) J 10; 
and for O^ oonoomitants the factor produced by the transformations O is of the form Z>^Z>2, while 
that produced by the transformations H may be either D^l/^ or — 2>t^) thus creating the 
distinction of even and odd O^ concomitants. 

t Here, and in the following relations, the coefficients pik of the fundamental quadric Q are 
not regarded as numbers, i. e., they are not included in the domain from which the coefficients of 
oonoomitants may be chosen, as was the case in the preceding. 

Trans. Am. Math. Soc. 81 
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From § 5 it may be shown that every such concomitant T, multiplied by a suf- 
ficiently high power of A , can be symbolically expressed in one and only one 
of the forms 

(7) i2(A,0), 5:0'i2'(A,0), 

the first form characterizing those of even, and the second those of odd weight. 
Employing the same symbolic transformation as in the preceding theorem, and 
comparing with (6), we obtain this result : 

The equi-ordinal O' coneomitaiits of a system of eqairfoi*7ns 

may be obtained from the ordinary concomitarUs of the fundam£ntai qaadric Q , 
and the corresponding apolar quaternary forms 

F=A% F' ^ B^, ••. 

Uie converse is also true. 

Every G concomitant is the sum of two G' concomitants ; for denoting 
by G the result of operating on the concomitant G by means of an improper 
transformation,* we have 

^ G+G , (?-G 

Therefore from every equi-concomitant of the binary forms, we can obtain in 
general two concomitants T. Complete systems stand in this relation : 

The binary concomitants corresponding to a complete T system form a complete 
equi-binary system. The T concamitants obtained from a complete equi^inary 
system^ together with the discriminant A , form a complete T system^ provided 
A"^ is regarded as an integral invariant, 

§ 22. Examples of the transformation of concomitants, — The Hessian of 

is 

{ABCDyAl-^ ; 

if we apply (3) and (6) of § 20, and the symbols defined in (1) § 21, this be- 
comes (omitting powers of D) 

(1) [a6cd]2{aX}- 

which is the corresponding binary form. Expanded, 

* We may derive O from O by interchanging, in the symbolic representation of G , a with a 
and ^. with fi. 
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(2) [a6cd]» = 



{ah){afi), (ac)(ay), {ad){aB) 



= 2{{aA)\cdy{afi)\ySy - (ah){be)(ed){da){a/3){fiy){yS){Sa)} , 
The Jaoobian of four surfaces AZ , jB*i , Cy , D"» , 



becomes 






which coincides with the covariant 8^ of § 14. The non-symbolic expressions 
are therefore 



J= 



F F F F 

-^l -^2 -^S -^ A 

^1 ^2 ^3 ^4 



,/' = 



/ll /l2 /2I ^22 
^U <^12 ^21 ^22 



If one of the surfaces is the fundamental quadric Q , the Jaoobian becomes 
{ABOp)A'^^B^^'~^C^''^p^ , with the binary equivalent : 



{a6cX}{aX}'-^{6X}"i-^{c\}"5-^ = 



/.. 


/» 


/« 


/» 


K 


<^« 


<^« 


^« 


«1. 


X,j 


a'll 


«a 


V2 


-Vi 


-V2 


Vi 



which is the 8^ of § 14. 

Consider now, as an example of the second kind, the problem of expressing 
binary transveetants in quaternary form. Let the binary forms be 

and the corresponding quaternary, 



The transvectant is 



W«= (a6)>/3)*or*6;-*a»-*/9;i-*. 



Therefore, applying (4) and (6) of § 20, 



(3) 



m—k J>n—k 



■D"+"+'"(#)** = ^p^i- • • • Aj,^x,BpBf. . . . Bp(»-i,4»-*£; 
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§ 23. The oaculating cirde in invariant form. — As an application of the pre- 
ceding methods, consider the problem of determining the osculating cirde at a 
point of the curve / s ala""^ s . Let the corresponding quaternary form be 
F= All then by applying Hesse's formula * for the osculating plane to the 
space curve 

the osculating circle C at the point y^ is found to be 

(1). • C'^G{y)j:F/y)x,-H(y)'^Qfy)x,= 0, 

where G and H are the covariants 



G = 



F, 



IT- 



(n - ly 






To obtain the corresponding binary forms we must write these symbolically, 
the results being, 

the binary forms are therefore, 

^ = 6(n - ly {('«')(«^)*'^'yM - («*x«'y)cA}'«r'*r'^'«r'^M-'7r' • 

The osculating circle at the point P = ^ , 97 is 

(2) c s 5'(^?)or'«^'«AaM - Km^)M = o • 

This can be put into more convenient form by introducing the degenerate circle 
at P, 

P s (^)(i7/i) = , 

and the polar circle at P , 

C s a^f'a;-'a^a^ = ; 

equation (2) may then be written (omitting the arguments ^ in ^ and h) , 

(8) C ^gC^ hP. 

*Hbs8B, Crelle, vol. 41, p. 283 ; or Salmon-Fibdlsb, Baumgeomarie, 3d edition, vol. II, 
page 156, line 1. 



I 
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The inyariant of C is 

/(C'C) = ^/(CC) - 2ghI{CP) + h?I{PP) ; 
but 

therefore 

I{C'C') = g(g'-fh) = g', 

since only the points |, 17 on the curve / are considered. 

The osculating circle is degenerate only at the points where g cuts /, i. e., at the 
minimal points of f (§ 13). 

If A = , (^'coincides with C; if they coincide, either A = or C is degen- 
erate. Therefore : 

The points of f where the osculating and polar circles coincide tmihout degen- 
erating, are cut out by the curve h ; their number is 2n(3n — 4) . 

From the orders of g and A in |, 17 we have : 

Through any point of the plane, pass 6n(n — 1) osculating circles of f . 

§ 24. The apolar* relation of curves. — Consider any two C^^^^ : 

Two C^s are said to be harmonic, conjugate, or apolar when their bilinear in- 
variant vanishes. 

The bilinear invariant is (§ 13) 

(1) (//')»» = («6)"(«/3)- = ZC- ir* (^) (!') a»*6„-*..-* . 

Let the corresponding surfaces be 

(2) Ps^; = o, P'=5; = o, 

and their reciprocals with respect to Q , 

(8) 4>^ u;^Q, <^'s tC = 0. 

The polar of the plane u. has the coordinates UpP^ ; therefore ^ and ^' may 
be written 

4> = ApAp, ' ' • Ap(n'-l)Up ' • • Up^n-l) = U^ , 
<f> = BpBp, ' ' • Bp(n^l)Up . • • Up(n-1) = ul ; 

from which 

Pi = ^pPi 9 ^i = ^p^i • 

* The apolarity considered relates of oonrse to the geometries {A) or {B) ot the introdaction, 
and is distinct from ordinary (projective) apolarity : two plane cnrves whidi are inversionally 
apolar are not in general projectively apolar ; and conversely, projeotively apolar curves are not 
in general inversionally apolar. 
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But from (8) § 22, 

(//)«« = ^i* • • • Aj^n^DBp . . . i5p(n-l) ; 

substituting the values of either p. or a^ , we have 

(4) ~ (ff)^ = (o6)"(a/3)- = ^; = ^ . 

The invariant A"^ , however, is the bilinear invariant of the surfaces F and (f>\ 
and B^ is the bilinear invariant of F' and 4> • Therefore, 

ijf (7^ and C^^ are fiarmoniCy so are the surface corresponding to eUheVy and the 
reciprocal with respect to Q of the surface corresponding to the other,* [Added 
Sept. 28, 1900. More generally, every surface of the nth order through the one 
curve, is apolar to the reciprocal of the surface corresponding to the order.] 

An interpretation of the apolar relation of C^ and C^^ can also be obtained 
without passing to space. With respect to the curve / = , every circle rj)^ has 
a polar circle (ar)(ap) • • • (a^'*~*^)(«/>^'*"*^)ax«^ = ; from the binary form of <^, 

(6) (^ = K)(«P) • • • (ar("-^>)(ap(»-»)) , 

we see then that <}> can be defined as the complex of circles which are orthogonal 
to their polar circles with respect to /. Similarly <f> is the complex of circles 
which are orthogonal to their polar circles with respect to/'. The curves /and 
<f> stand in the following reciprocal relation : / is the locus of the points con- 
tained in <l> , and (f> is the complex of circles which are orthogonal to their polar 
circles with respect to /. If /and/' are harmonic, so are the forms F and <f>\ 
and F' and <f> . 

If /and/' are cyclics, the bilinear invariant is 

(//)22 = «0e*22 - 2^01*21 + «02*20 " ^^10^12 + ^Qii^ii 

(6) 

+ «22*oo — ^a^^ft^,! + aj)^ — 2ai26,o- 

When the cyclics / and /' are apolar, the quadric <^ is inscribed in an infinite 
number of tetrahedra which are self-polar with respect to F' and a similar rela- 
tion exists between <^' and F, 

In the plane the relation may be given by introducing the notion of circles 
which are conjugate with respect to a cyclic. The polar circle of any circle C 
with respect to/, is the locus of points whose polar circles are orthogonal to C; 
two circles are conjugate when each is orthogonal to the polar circle of the other. 
If then we call a set of four circles which are mutually conjugate a self-conjugate 
set we have : 

If two cyclics fy f are apolar j the complex if) of circles orthogonal to their polar 
circles with respect to /, contains an infinity of sets which are self-conjugate with 



* A oorresponding interpretation of the oonjagaoy of two simple binary forms is given by 
SCHLBSINGBR, Ueber eonjugirte bindre Formen und deren geometrische Construction, Mathema- 
tiscbe Annalen, vol. 22, pp. 520-^68, 1883. 
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respect to f; and similarly vnth <f> and /. Conversely^ if 4> andf or <f> and f 
stand in this relation, f andf are apolar. 

The importance of this theorem lies in the fact that it will serve as a basis for 
a synthetic theory of linear systems of cyclics, similar to that which has been 
developed for conies :* for a linear i/-membered system of cyclics, 

may be defined as the totality of cyclics which are apolar to 9 — i^ linearly inde- 
pendent fixed cyclics. 

§ 25. Quaternary methods for the general douhle binary form. — ^For the qua- 
ternary study of forms 

whose partial orders are different, we may pass from y* to an equi-Qoncomitant. 
Thus we may consider 

The concomitants of this form may be studied by quaternary methods ; but they 
will not, of course, include all the concomitants of f. 

A system of equi-f orms which is equivalent to y is given by any one of the 
systems of polars : 

J^o = «««A«; or P;, = a?+X«r*<"' (*=l,2,-..,n-l). 

A quaternary method of treating f consists then in the study of the (1 , 1) cor- 
respondence, defined by P^ = , between the points (^) of Q , and the two- 
parameter (non-linear) system of surfaces of order n — A , which corresponds, 
by § 18, to P^ = ; or, in the study of the (1 , 1) correspondence, defined by 
jP^ = , between the generators X = { of one series on the quadric Q, and the 
one-parameter system of surfaces of order n which corresponds to P^ = . 



CHAPTER V. 

The Cyclic Curves. 

In tetracyclic coordinates the cyclic is represented by the quaternary quadric 
form a' and in minimal coordinates by the quadri-quadric double binary form 
alal. The first representation brings tL inversionleory of the cycUc into reh- 
tion with the theory of two quadric surfaces, while the second connects it with 
the general (2, 2) correspondence. The relation of the two points of view is 
most easUy grasped by passing from the plane to the isomorphic problem in 



^Dabboux, Balletin des Soienoes Math^matiques, vol. 1. Rate, Ueber Systeme 
und Qewebe von Kegelschnitten^ Crelle, vol. 82, pp. 54-83, 1877. 
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space of a bi-quadratio curve of the first species on a fixed quadric Q ; for such 
a curve may be determined either by cutting Q with another quadric or by es- 
tablishing a (2 , 2) correspondence between the two systems of generators on Q . 
The previous methods will now be applied to the discussion, from both points 
of view, of the concomitants of the cyclic — their complete systems, relations and 
geometric interpretations.* 

§ 26. System of, two quad/rics. — Let the identity be CT's J]) p^x^k ^ Pl^^^ 
and the equation of the cyclic 

then (§ 4) the concomitants of the curve may be derived from the projective 
concomitants of the two quaternary quadrics {/', U. Denoting the correspond- 
ing dass quadrics by 



(t' = 16?, , <r = u^ 



^Pi 



d) 



the invariants are 






the oovariants are 



?7 = 



a 



4> = lippaby ; 

U'^pl. 



S" = ajjbpaj)^ , 8 = PaPaPzPL i 
F = \{a^')f>pCppMax(^xPxPx ; 



and the contravariants are 



T = M« = ^(abcuy , «r' = u?. = ^ippY'uy , 



T' = ^(i?p'aw)'. T = 


= ^(jpaimy , 






CD = ^UpU^pp'au)(p"bcu) 


n 


Pa 


% 




Pp 


P'p 


ap 



(pp'bc) {pp"bc) {ap'bc) 



* A Don-iDTariant diacassion of these oyclio ouryei or bi-ciroular qnartios is given in Darboux, 
Sur une claaae remarquahle de$ courbes^ etc., Paris, 1872, reprint 1896. 
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In terms of these fifteen forms : * 

A, A', 0, ff, <l>, 

(El) ^' ^^ s^ S\ Y\ 

every concomitant of Z7, V involving at most one series of variables, can be 
rationally and integrally expressed. 

Referred to their common self-polar tetrahedron, the quadrics may be written 

and the complete system (^i) takes the normal form : 

Y' = (aj - aj)(ai - a3)(a, - aJ(o, - oJ(«, - a,)(aj - a^^x^^^ ; 
(1) 

ft) = (a, - a^(ai - a,)(a, - a^a^ - a^{a^ - a^){a^ - a,)M,M,M,M, . 

§27. Quaia-nary system of the cyclic. — According to the method of §4, to apply 
the above restdts to the cyclic, we must replace U by that member F, of the 
pencil U-\-kU' , which is apolar to U' ; this apolar quadric is [(6) or (7), §3] 

(1) F^Al = i^U-\u'. 

The complete quaternary system of the curve consists then of the ^^ identiccU'^ form 

a' = Up 

(so called since it is the same for all curves), and of the proper concomitants : f 

* A non-symbolio diflcnssion of these forms is given in Salmon-Fiedleb, Baumgeometrie,\o\, I, 
Chapter XI. I have not thought it neoessary to give the symbolic oalonlations by ^hioh the 
above results are obtained, as they are similar to those which oooor in the corresponding ternaiy 
problem ; of. Gobdan's system, Clebsch-Lindemann, Oeometrie, vol. I, p. 291. The com- 
pleteness of (2i) may be proved by comparing with Mbbten's equivalent system, Wiener 
Beriohte, 1889, 2 A, pp. 733-8. 

t There is no invariant corresponding to 0^ of 2^, since in the present case Ap = . 
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(2) 



I^^ipp'ASy, J=l{pABO)\ h^^{ABCDf; 
F^A\, G^A^B^AB^, S^p-J^pJ^, 

r= \{ABj^')B^O^liJ'^AC^pJ'^i 



These oonoomitants : 



p'BOu) 


Pa 


p'a 


^-A 




Pp 


P'p 


Aj. 




{pp"BC) 


(pYbc) 


(Ap"BC) 


I, J, 


K, 







(E.) 



F, G, H, F, 

4>^ V^» x» ^» 



are also, by (1), concomitants of U' and U; it follows that (S^) is expressible 
integrally through (^^) . To obtain the explicit relations, it is sufficient to con- 
sider both systems (J^i) ^^^ (^2) ^^ their normal forms ; the normal form of 
J2^ has been given in § 26, and similarly the normal form of 5^2 (omitting the 
identical form) is 

(3) Y^ (^1 - ^,) • • • (^3 - ^J^i^^^a; 

The a's and )8's are connected, from (1), by the relation : 

6' 

so that ^ /3{ = . Introducing the value of ^^ in the above normal forms, and 
comparing the results mth (1) § 26, we obtain, after some calculation, the re- 
quired relations between Xi &°d 23, as follows : 

16 J = 16^'^e - 8A'*^<^ + 2A'^» , 
(4) 266^ =- 256A'*A - 64A'»^^ - 16A'»^"(^ - 3A'^* , 

16 G = 16A'*5' - 8A'^f7+ ff*U\ 
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(4) 



r=A'*r, 

4<^ = 4A't' - Sd'ff' , 
16^ = 16A'*T - SA'^T + 3^V , 
64X = 64A'»<r - A'^ffr + 4AW + ff^a' , 
Z « A'*«> . 



The formulae (2) give tiie ooncomitants of the cydic in terms of the identity 
U' = and the apolar form J'', while the formulae (4) give them in terms of the 
identity U' = and the most general quadric U which can represent the curve. 

It is convenient, for some purposes, to replace the covariants of the syston 
y^ , by the corresponding apolar forms : * 



(5) 



F, G.^G + ^U', H,^n-'^U\ T. 



§28. Binary system of equi-forms. — ^The quaternary system ^^ of the preced- 
ing article will now be transformed so as to apply to the cyclic represented by 
the doable binary form 



J = <»' 



IL » 



the method being that developed in §21. 

For the invariants, the formulae (5) §20 give f 



4J= (pp'ABf » 2 



(aa)(aa) (ab)(afi) 



= - 2(ab)\afiy ; 



6J>^(pA£0y=- 



(a6)(a/3) (6c)(a7) 

(6a)(/3«) (bc){^) 



= - 2(a6)(6c)(co)(a/3)(iS7)(7«) ; 
24^= {ABCDf = {{ac){bd){a^){'iS) - {ab){cd){ay)(fiB)} 

= 2(ahy(od)\ay)\^Sy - 6{aiXf>d)(ac){cd){afiXfiB)(ay){yS) 



*That Fis apolar to 17', is a special oaae of the easily proved theorem : the necessary and 
snffioient condition in order that the product of a number of linear forms shall be apolar to a 
quadric, is that each linear form sliall be oonjogate to every other with respect to the quadric. 
It will appear later (^30) that F satisfies this condition. 

t The D which appears in J20 is here talcen as unity for convenience. 
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Denotmg hj f^ g ^ h the covariants oorrespondiDg to jP, G , H^ we have, by 
(5) . (6) § 20, 

h = {(ac)(«/3)6,7^ - (a6)(a7)c,/8^}«; 
whUe F, the Jaoobiau of U'FGH, becomes (§ 22) 



r= 



/u 



/, 



12 



Jii Jn 



9n 
h 



\i 



9ix 



'»! 



9n 
h„ 



The oontravariants are 
0-'= {rr')(pp') , 

«^ = - («'*)(a''')M(«/'') ' 

Vr= - (a6Xa/8)(ar)(6r'Xa/>)(/S/>') , 

X = {(ac)(«^)(6r)(7f»)-(a6)(«7X<»')W} {(ac)(a^)(6r'X7/'')-(«*)M(cr')(^;'')}. 
Z = Jaoobian (o*'^*^) . 

Thus the equi-iinary system of the cyclic, or the complete system of invariants, 
oontravariants and equi-ordinal covariants of the quadri^uadric 

consists of the forms : 



(Ss) 



J, J. K, 

/» 9i A» Y'i 

<^» V^* X» ^» ^'• 



Of these c\ since it does not depend upon /, may be called the identical contrar 
variant. 



§ 29. Non-^ymAolic values, and normal form of J^j. — In expanded form / is 

(1) + 2 {a,^\ + 2a,,/ii/i, + a^ji'^\\ 

If we take for the fundamental qnadric, 

(2) ir = 2x^x, - 2x^^ , 
the transformation formulae may be written 

(8) ^i = \/*i» a?2 = \/*2' ^5 = Vi» ^4 = ^'^a » 
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and the quadric corresponding to / is (§ 18) 



where 



(4) 



-^2S~^11' -^24==^12» -^»— ^20» -^34 = %' -^44=^22' 



The concomitants 5^3 of / may then be obtained directly from the concomitants 
of U\ F. The invariants are obtained by forming the discriminant of U' + pF: 



(6) 2)(p) = 



11 



21 



12 



13 



A. + p 



^22 ^23-P^24 



-^31 -^32 "■ P -^33 

A1 + PA2 ^ 



43 



'34 



-44 



a 



00 



a 



01 



a 



10 



«ii + P 



a, 



01 



a, 



02 



«n - P « 



12 



a 



10 «11 — Z' «20 

^11 + P ^12 ^ 



a 



21 



21 



a 



22 



= ^* + 7p' + Jp + K. 



The expansion gives 

J= 2(aioai2 + Ooi«21 - «?i) - «00«22 — «02«20 ' 



(6) 



e7=2 



Cl„ Cf«, flS^ 
00 01 02 



flt,/v CI,, 0,« 

10 11 12 



^20 % ^22 



«00 Si «10 «11 



fl„, flt^ flt,, flt,„ 

01 02 11 12 



d,^ a.. o__ flf_, 

10 11 20 21 



«11 «12 «21 «22 



Similarly, the covariants may be obtained from 



(7) 





V2 

Vi 

\^2 



^2^2 — Vl — \/*2 \/*l 



a 



00 



a, 



01 



a 



10 



a,, + p 



a 



01 



a 



02 



a.. — /3 a 



12 



a 



10 



«il-/^ «: 



20 



a 



21 



On + P « 



12 



a 



21 



a. 



= py-P9-^^ 



and the contravaxiants from 



(8) 



r„ rj, r,i 



7*,, Q^ (Z^. O-r. 

11 00 01 10 



22 



«ii + P 



= A' + p*<^ + pV' + X 
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It will suffice, for later applications, to write down the explicit values of the 
covariants and contravariants only for a certain normal form which will now be 
considered. The normal quaternary form of the cyclic is 



[A] 

This, by the substitution : 






(2^i=o) 



(9) 



becomes 

[B] 
where 



(10) 



>/%y^ = x^ + x^, \/2a;, = y, + cy^ , 

iy/^y^ = ajg + 05, , v'2a!, = y, + cy, , 

^/2y, = ajj - «, , >/2a;, = y,-cyj, 

i>/2y^ =x^ — x^, ^2x^ = y^ — cy^, 

U' = 2a!,a5, - 2x^, , 

F = lc{^, + 7?^ + Z(a^ + «J) + 2Mx,x, + JB^,) , 

2* = /3,-i8,, i8.= m + i, 

2/ = /S,-i8,, i8,= -m- Z, 

2m = ^^ + 0^, /9,= -»w+^ 



Finally, by (8) , 

[C] /= *Xj/itJ + /,X>^ + 4m\,/iiVa + 'm^^ + *M/*2 • 

TAe general cydic can be reduced to any of the normal forma [A] , [B] , [C] ; 
each contains two essential constants as it should, since the cyclic has 8 — 6 = 2 
absolute invariants. 

For the binary normal form [O], the system ^, is 

J=-(ife«+Z*+2m*), J'=2m(P-?), JiT = (m* - it*) (m' - P) ; 
/= A(X>» + XX) + K>->1 + Wf) + 4m\X^,M„ 



(11) 



^ = 2fon(X>» + X>^) - 2Zm(X>J + X^J) + 2(P - P) Wi/*2 » 
h^MP-m^ (X>; + X>|) + ^P - m*) (X>» + X>J) 

— 2??i(A» + P — 2m*)X,Xj/i,/*, 
F= - i^/8(X>J - X>,^) (X>^ - X>J) ; 
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- 2m(P - m>i,ra - 2m(P - myi/,, , 

^=-K8«,-i,)('1,-i,). 



(11) 



where 



%/"S = m{{l<? + P)' - 16m*} . 



§ 30. 2%e polars and the covaiiants. — If we apply the definition of § 20 to 
the cycKc 

we see that every point P = (f , ^) has five polars Q,^ , Q^^ , Q^ , Q^^ , Q^ , 
whose expressions and geometric definitions follow. 
The polar minimal lines, 

are the harmonics of ^ (or 77) with respect to the X-lines (or /A-lines) which corre- 
spond to 17 (or f) in /. The polar circle 

(J = a^a^a^a^ = , 

is generated by the following correspondence : to each ft corresponds the harmonic 
of ^ with respect to that pair of Vs , to each of which corresponds in / a pair of 
/i's harmonic to 1; and /a ; and to each X , etc. The polar circle, then, cuts 
each of the minimal Hnes through P in the harmonic of P with respect to the 
intersections of the minimal line and the cyclic ; and the conjugate point P' , of 
P with respect to /, which is defined as the intersection of L and M\ is the 
inverse of P with respect to C\ The polars, 

are the loci of points whose polar /A-lines and X-lines, respectively, pass through 
P ; their intersections give the five points whose conjugates coincide with P . 

It is convenient in the discussion of the relation of the polars and covariants 
to consider the cyclic in its quaternary normal form [A] § 29. If the coordi- 
nates of P are x^ , 

the coordinates of C are ^x^ , 

(1) " " " G" " ^^fi^x,, 

and " " " F " {2fi,F— €f)Xt, 
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where C" is the ^^ anti-polar " circle of P , i. e., the circle orthogonal to the polar 
circles of all points on the minimal lines through P . The polar and anti-polar 
circles of any point are orthogonal ; for 

/(C'CT") = 2:/8,/3^A^? = . 

The invariants of P, C, C", P" are 

liPC) = F, I{PC") = H, I{C'C') = G , I{0'C") = , 

(2) 

liC'P') = FO , 1(0" C") = JH- KG , I{P'C') = - GH, 

as may be proved bj (3) § 27. From these we obtain the following interpreta- 
tions. 

The curve 1^= is the given oydio ; its points are characterized by the fact 
that the polar circle of each passes through it. 

The curve G = w the locus of a point whose polar circle with respect to 
F is degenerate ; it is also the locus of the vertices of degenerate apolar circles. 

finally, the locus of a point whose anti-polar circle passes through it, is ^ss . 

If P, C, C" have a oonunon point, then 

F H = FXKG - JH) - G^H=> ; 

P (? 

H JH-KG 
and if the polar and anti-polar circles are tangent , 

T{KG - JH) = . 

The conjugate of the conjugate of P has the coordinates : 

[2/8.{ + F\IF+ H) + ZFG^} + 4P»(JP-|- IG) +AFG{IF-\- G) + G^x,, 

so that the locus of a point whose second conjugate lies on the same minimal 
line is 

2P*{4i^/P +H) + 8G''}=^0. 

Consider now the relations of the polar circles of a point with respect to F, 
GjH; these circles (§ 19) are to be found from the apolar forms of the covari- 
ants as given in (5) § 27. The coordinates are as follows : 

F •• X,, Co: (0] + ^\x,, 
Their invariants are 
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7(PC^)= F, I(C^Co)=-If-H, J(Cj.C^)=-jF, 



(6) IiCaCo) = JF, I(CoC^) 



kf-'[g + Ih, 



From these we obtain the (1 , 1) transvectants of the corresponding double 
binary forms/, g , h [(1) §14] : 



(6) 



(ff)n = I(C,C,)^g, (/s')„=-^/-A, (/A)„ = -^/, 



and the substitution of these values in (2) §14 gives the reduction of Y* as 
follows : 
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From §14 and the normal form (3) §27, we have : 

The curve 2^= is the locus of a point which lies on the orthogonal circle 
of its polar circles with respect to /, ^ and h ; this locus consists of four mu- 
tually orthogonal circles, the " director " circles of the cyclic. * 

§ 31. The discriminants, — As defined in § 15 , the discriminants are 
and for the normal form [C] § 29 they are 



(1) 



Id, 



Dltx) ^^}dfi^+ (4m2- fc2 _ p^^2 _ j.1^ 



* The covariant ourves out/ in the following; points : ^ , in the 8 minimal points (J 13) ; h, 
in the 8 points where the polar oircle is also the oeonlating circle (|23] ; F, in the 16 points 
where the osculating oircle has 4-point contact (Clebsch, Grelle, vol. 63, p. 9, gives the space 
theorem corresponding to the last result). 

TnuQB. Am. Math. Soc 32 
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Calculating the invariants i , j of these biquadratics and comparing with the 
values of J, /, K in (11) § 29, we find 

(2) 6i,= 6i,= P+12^, 36;\ = 36;;=-P+86Jir-6/^ . 
these are also the invariants of 

where D[p) is equal to the characteristic determinant of the two quadrics U\ 
F. This gives Frobenius' generalization of Cayley's theorem :♦ ' 

The discHminants D^ , D^ and the characteristic biquadratic D, have equal in- 
variants. 

Equated to , JDi{^) and i^sC^^) ^^pi^^seiit the four X-tangents and the four 
^t-tangents of the cyclic ; Cayley's theorem then states that these two sets of lines 
have equal anharmonic ratios. 

The minimal points of /, i. e., the points of contact of the minimal tangents 
Dj(X) =ss , I>2{m) == 1 ^^ c^* <>ut (§ 13) by the (1 , 1) transvectant 

but from (6) § 30, 

therefore the minimal points of / are also the minimal points of g . The dis- 
criminants of g : 

have then the interpretation : JEjj[\) = represents the X-lines through the 
points of contact of the ^tangents D^if^) = ; and Fjl^fi) = , the /A-lines 
through the points of contact of the X-tangents D^{\) = . 
The normal form [C] of E^ is 

(3) jE'j(X) = U'lm'X' + {{l^- ly - ^m\k^ + P)}\^ + Ulm" ; 

comparing this with D^ and its Hessian Hj^ , we obtain the following for ^^ (and 
similarly for E^) : 

(4) E,= ^D,-2H^^, E,= ^~D,-m^^; 

it follows that the quadruples of X-lines represented by D^ and E^ are not inde- 
pendent, but connected by the fact that the sextic covariants of both represent 
the same six lines, f t 



*Caylbt's theorem states the equality of the invariants of D^ , D^; Cayley, Qnarterly 
Journal, vol. 11, p. 83-91 ; other proofs have heen given by Capelli, Zeuthbn, LePaiob ; 
Fbobbnius' generalization^Crelle's Journal, vol. 106, p. 129, 1890. 

t Clebsch, Bindre Formen, i 61. 
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The application of the formulse in Clebsch's Bindre Formen § 41, ^ves 
the concomitants of E^ as follows : 

9i' = UH - 24 J; + 6i* , 

27/ = SPj - 12IV + 36 Jy - 72/ + 6t^ , 

(6) 

■ff*i= m - 2*"J+ i-f')A - mi' - 20^1 ' 

where /S represents the sextic covariant of the corresponding biquadratic. 

The \-tangents D^{K) == and the A^tangents Dj^l^) = intersect in the sixteen 
foci of the cyclics ; and from Cayley's theorem it is easy to show that these foci 
lie by fours on the four director circles. The director circles of / are given by 
r= 0(§ 30), where Fis the Jacobian of U\ F, G,H; the totality of cyclics, 
therefore, which have the same director circles as/, is the net 

(6) tj+y + tji=0. 
Included in this net is the system of cyclics confocal with/, 

(7) f-P9-p'h; 

through each point of the plane there pass in general two orthogonal cyclics of 
the confocal system, the exceptional points (for which the two fall together) 
lying on the eight minimal tangents :* 

g' + ifh^O or D,(\)D,{fi) ^ . 

§ 32. Contravarianta, — The definition of polar and anti-polar circles given in 
§ 30, may be extended so as to apply to a circle instead of to a point : the polar 
circle C^ of a circle (7, with respect to a cyclic/, is the locus of points whose 
polar circles are orthogonal to C; the anti-polar circle C^ of C is the circle orthog- 
onal to the polar circles of all the points of C For the normal form the co- 
ordinates of these circles are 

(I) C: u,, C,: ^u,, q: ^.^fiji,. 

from which it can be shown that the polar circle of the anti-polar circle (as also 
the anti-polar circle of the polar circle) coincides with the original circle. The 
invariants of (1) are 

i{CC!) =Yy = <^\ i(cc,) ^^fi,u] = - <f> , i-(C'Q=2:^^,^„«! = x. 

(2) 

•See(«) ?32. 
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Therefore 

0-' a is the quadratic complex of degenerate circles ; 

<^ s= is the quadratic complex of circles orthogonal to their polar 
circles ; 
yjt — la s= is the quadratic complex of circles ^hose polar circles are de- 
generate ; 

X = is the quadratic complex of circles orthogonal to their anti-polar 
circles. 

Finally Z, being the Jacobian of (t\ <f>^ ^Ir^ x^ represents the circles belong- 
ing to the Unear system determined by their pokre with respect to /, ^7 , A ; it 
consists of the circles orthogonal to the directors circles. 

The polar circles of all the points of the plane form the complex Jx — Kyjr = , 
while the anti-polar circles form yjr — la = . 

Applying the first principle of § 16, the intersections of C = r^^ and 
/ = ala^ are given by 

Therefore, the complex of circles^ which cut f in four points wliose anharmonic 
ratio on the circle is a, is given by * 

^^ jl ~ ji ~ (1 + a)\2 - a)\l - 2ay ' 

In general the complex is therefore of the twelfth class ; but for the equianhar- 
monic and harmonic cases, it reduces to 

which are of the fourth and of the sixth classes respectively ; and for the coin- 
cident case the complex decomposes into [(4) § 16] 

I>L = »i - 6j1 = ^<r" . 

The tangential complex <£> , expressed in terms of the fundamental contravari- 
ants, is f 

(4) 4) = 4(3(r> - <l>') {S<l>x -V)- {^<^'X - W • 

The osculating circles belong to both the complexes t^ = , ^^ = . 

♦In terms of the fundamental oontravariants, this oomeplx is (4** — Qla'^y + Ao *, where 
il is a function of the anharmonic ratio a, and 4> is defined hy (4). 
t Salmon-Fiedleb, Baumgeometrie^ 3d edition, vol. II, p. 315. 
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Each contravariant (§ 16) yields a corresponding covariant — ^the locus of the 
vertices of the degenerate circles contained in the complex ; thus, from <^ 9 V^ , 
X^ Z we obtain F^ G ^ H^ F. Substituting these in (8), the corresponding 
covariant is found to be 

ZF\G^ + ^FH)', 

but it is evident that a degenerate circle, whose centre is not on F ^ can be tan- 
gent to i^only when one of its minimal lines is tangent to i^; so that 

(4) (?2 + ^FH= 

represents the minimal tangents of F. These tangents are also given by 

(6) A(>-) A(m) = ; 

in fact from the normal forms it can be shown that 
(6) ir' + 4/A = - iD,D, . 

§ 33. InierprdcUions for the invariants.'^ — The application of formula (4) § 24 
gives the following values of the (2 , 2) transvectants : 

(//)«= -2/, (/^)« = 3/, (/A)^=4iir, 

From the conclusion of § 24 we have then : 

If 7=0, the complex <f> contains an infinite number of quadruples mutually 
conjugate with respect to /, and conversely if <^ contains one such set (and there- 
fore an infinity), J = ; similarly / = , iiT = are the necessary and suffi- 
cient conditions for <f> containing quadruples mutually conjugate with respect to 
g and h respectively. 

Other interpretations are obtained from the consideration of the covariant 
quadrics in space. If 7=0, the complex -^ contains quadruples of mutually 
orthogonal circles. If </ = , there exist self-polar point quadruples, i. e., sets of 
four points possessing the property that the polar circle of each passes through 
the other three ; and x contains mutually orthogonal quadruples of circles. If 
^ = , the polar circles of all the points of the cyclic are orthogonal to a fixed 
circle, which circle is one of the director circles ; on this director circle there exist 
triples of points whose polar circles are mutually conjugate ; and % degenerates 
into the linear complex (counted twice) of circles orthogonal to the special direc- 
tor circle. 



* See also i 37. 
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§ 34. • (Jomplde binary system. — ^In § 28 a system of forms J^j of the quadri- 
quadric 

was obtained, in terms of which any invariant, concomitant or equi-covariant 
can be rationally and integrally expressed; if we wish to consider also co- 
variants whose partial orders are unequal, we must add to this system the forms 
of § 28 and the (1 , 0) and (0 , 1) transvectants , 

Pi = Won /^2 = (V)oi' Ps={f9)oi^ 

•^i = Wio^ -^a^C^/Xo' '^3=(Mo» 
where (§ 13) tTj = (pj = 0) represents the loci of points whose polar \-lines 
(fi-lines) with respect to g and h coincide ; and p^ = , tt^ = intersect in the 
18 points which have the same conjugates with respect to either / or ^ , etc. 
The completeness of the system thus obtained is proved by a combination of the 
results already obtained, and a comparison with Peano's system of in- and co- 
variants ; for this comparison it is convenient to express the forms as transvec- 
tants. 

From (1) §33 the invariants may be written 

The covaiiants are * 

/. i7 = (//)„, h = -(fg\, + ^{ff)^.f, from (6) §30; 

Pi = Won f>2 = (¥)«!» Pi = (Mi» from (1) 5 

A = K//)»2. ^1 = ^(99)^^ «. = (A^iXo. 

A = K//)«.' ^« = to)2«. S, = {D^X^ from §31. 
The contravariants (2) § 32 are 

X = {CQu » ^ = Jacobian {cr'^x) 5 
where 

The invariants and contravariants are complete by § 32, and the completeness 
of the covariants is shown by their equivalence to Peano's covariants.f The 

*Y is omitted siDce it is expressible integrally through the other oovariants. 

fPEANO, Giornale di Matematiche, vol. 20, p. 97, 1882 ; contravariants are not consid- 
ered. QoBDAN, Mathematische Annalen, vol. 23, p. 388, 1689, gives a complete system 
of 38 invariants and covariants ; but this is reducible to Pbano's 18 forms and therefore also 
to the forms in the text. 
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complete binary system consists then of the twenty-three forms : 

/, J , K \ /, g , h ; 



TT 



(DJ 



I' 



TT, 



3» ^S' Pl^ Pi^ ^s5 



2?,, E,, 8,, A, E,, S,; 



^' » ^ y "^ y X y ^ • 



§86. Equivalence and clamficaJtion of the cyclics. — ^The character of the cyclic : 

(1)  F=Al^O, U'^pl^O, 
or 

(2) /=:aj< = 0. 

depends essentially upon the determinant : 

(3) Dip) = M« + PPi.\ , 
or, by (6) § 29 , 



(4) 



D0>) = 



a 



00 



a 



01 



a 



10 



«ii + /> 



a, 



01 



a. 



02 



«11-P 



a 



12 



a 



10 



«ii-P 



a 



90 



a 



21 



«11 +> 



a 



12 



a 



21 



a 



22 



Applying Weeerstrass's theory of quadratic forms * we have : 

Two cyclics are equivalent f when and only when their characteristic determinants 
have proportional elementary divisors. 

This condition may be decomposed into a qualitative and quantitative : 1^ 
similarity of the characteristic determinants, i. e., the elementary divisors of 
both characteristic determinants occur to the same degrees ; 2° equality of ab- 
solute invariants, i. e., the roots of the characteristic biquadratic 

(6) I){p) = ^* + Ip* + Jp+K=^ (p-^r){P - ^,)(P - ^,)(P - ^J 

of both characteristic determinants are proportional. 

If we call two cyclics of the same ^' species " when they satisfy the condition 
1^, we have in all thirteen species ; these, as defined by the symbol j: of the char 

* WsiBBSTBASS, Berliner Monatsberichte, 1868. 

t Since every cyolio can be traDsformed into itself by both proper and improper cironlar trans- 
formations (in general four of each kind), equivalence in the group G and equivalence in the 
group O^ are (for cyclics) identical. Therefore the theorem above applies to both groups. 

X The notation is that introduced by Wbitbb in his classification of the quadratic line-com- 
plexes, Mathematische Annalen, vol. 7 ; 15 or [(11)11], for example, signifies that the 
characteristic determinant has two simple and one double factor, the latter also appearing as a 
simple factor in all the first minors. The case [(1111)] is omitted as trivial since it can occur 
only when/=0. 
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acteristic determinant, are given m the following table : 



(6) 





a 


b 


c 


d 


I 


[1111] 


[(11)11] 


[(10(11)] 


[(111)1] 


n 


[211] 


[(21)1] 


[2(11)] 


[(211)] 


III 


[31] 


[(31)] 






IV 


[22] 


[(22)] 






V 


M 









In order to study the geometric peculiarities of the different species, it is 
sufficient to consider them in their normal forms. The quaternary normal forms 
for a pair of quadrics can be obtained by Weierstrass' methods ; * reducing the 
results to apolar form we obtain the quaternary normal forms of the cyclic as 
follows : 

?7' = a^ + a^ + a^3 + a!j, 



II 



in 



IV 



U' ^ xl + xl - 2x^„ 

U' = 9^, + xl-2x^,, 

F = ^,x\ + /3,(a;J - 2x^,) + 2(v/2x^,) 

U' = 2x,a;^ — %t^^ , 

F = 2/8,a!,x, - 2y3^^, + !«?-«! 

^7' = 2xja;, - 2a;^„ 

F = 2/9j(Xia;, - x^^ + aj^ + 2a;,Qj, 



(ft+ft + A + A = 0); 



(2/3,'+A + A = 0); 



(3ft + A = 0); 



(2A + 2A = 0); 



(4ft = 0). 



These are the normal forms for la, Ila, Ilia, IVa, Va, the remaining species 
being obtained from these by equating the proper id's. 

Applying now the metliod of § 29 , we obtain die following normal forms of 
the thirteen species of quadri-quadrics : 



la, 
16, 



hi^Yx + \Y^ + 1{\\^\ + x>j) + 4m\ViA*2 ; 
^(M/*? + ^2/^2) - 4^ Wi^2 5 

M/^2 + ^2^ — 2 Wl/*2 5 



q^ Without the nse of Weierstrass* general f ormul»| oorresponding normal forms are obtained in 
Olebsch-Lindkmann, Oeometrie, vol. II, p. 202 ff.; for oonios compare Gundelfikoeb, 
Kegehchnittey §16. 
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Ha, 

116, 

lie, 

lid. 

Ilia, 

IIB, 

IVa, 

IV6, 

Va, 



X\lil — 2m(\/*, — X^,)* ; 

MyX + Hl*l + 2X,Xj^i/*2) + 2\,/*,(X,/ti - X^j) ; 

2X,/*,(Xj/t, - X^^,) ; 

Xlfi^ + 4mXiXjM,Mj — 5t*/*J ; 

X>* + 2X,X^f . 



From tbese normal forms a large number of results may be derived, some of 
which are given in the following table : 







D(P) 


Z),(A) 


D,M 






la 


[1111] 


Mill} 


{1111} 


{1111} 





general C„ 


16 


[(11)11] 


{211} 


{22} 


{22} 


2 


^11 ^n 


Ic 


[(11)(11)] 


{22} 


{22} 


{22} 


4 


CioC^io^oiCii 


Id 


[(111)1] 


{31} 


iden.* 


iden.* 


5 


cs 


IIo 


[211] 


{211} 


{211} 


{211} 


1 


nodal C„ 


116 


[(21)1] 


{31} 


{4} 


\M 


3 


Cii tangent C^ 


lie 


[2(11)] 


{22} 


{22} 


{22( 


3 


^11 ^10 ^01 


Ild 


[(211)] 


{4} 


iden.* 


iden.* 


6 


CjoCoi 


Illa 


[31] 


{31} 


{31} 


{31} 


2 


cuspidal C„ 


III6 


[(31)] 


{4} 


{4} 


{4} 


4 


C^f^C^y intersecting on C„ 


IVo 


[22] 


{22} 


{211} 


}22} 


2 


CiaCio 


IV6 


[(22)] 


H] 


{4} 


iden.* 


5 


^ioCJ,,C/jj, 


Va 


[4] 


IM 


{31} 


J4j 


3 


Ci, tangent C,^ 



The first column gives the species ; the second, the symbol or " character " of 
the characteristic determinant ; the next three, the characters of the biquadratics 
D , D^ , 2>2 ; the sixth, the degree of speciality, or the number of conditions 
necessary in order that a cyclic may belong to the corresponding species : and 
the last, a description of the form of the curve. For example, consider the 
species 16 or [(11)11] : the curve consists of two non-degenerate non-tangent 
circles ; the characteristic biquadratic D(p) has a double root ; each of the dis- 
criminants has two double roots; and the species is doubly special. Some 
conclusions which can be drawn from this table will now be given. 



* This meana that the oorresponding biqaadiatio vanishes identically. 
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The species which represent a pair of circles (proper or degenerate) are 16 , 
Ic , Id , 116 , lie , lid , III6 , IV6 ; for these (and for no others), both D^ and 
1>2 &i^ perfect squares. Therefore 

The necessary and mffuneutt condition that /= shall represent a pair of 
circles, is that both discriminants shall be perfect squares. 
In terms of the fundamental concomitants the conditions may be expressed thus : 

ZiE, + (6j - 2iI)D, a , 
SijEj + (6; - 2iI)D, s . 

In § 81, it was shown that the three biquadratics D(j)) , i)i(A.) , DJ^fi) , have 
equal invariants i ^ j ; it does not follow from this that they are equivalent, but 
it does follow that if their *' character '* is the same (i. e., if the same equalities 
hold among their roots), they will be necessarily equivalent. The table then 
gives the following relations between D , i)^ , D^ :* 

If the cyclic is irreducible, all three biquadrics are equivalent ; in all cases 
two of the three are equivalent. The necessary and sufficient condition for the 
equivalence of the discriminants D^ , D^ is the presence of a linear elementary 
divisor in the characteristic determinant of /. Translated into geometrical 
terms, this reads : except when the cyclic degenerates into either a minimal line and 
a (7j2 or (7j3 , or into a double minimal line of one system and a pair of minimal 
lines of the other system — the two pencils of minimal tangents are homographic. 

For the different species, the following relations exist among the invariants : 

la, S + 0; 

Ila, 16, S = 0; 

nia, 116, Id, 1 = 0,^ = 0; 

IVa, lie, Ic, /=0,4^-P=0; 

Va, III6, IV6, nd, /=o, jr=o, ir=o. 

Therefore S = t^ — 6/^ = is the condition for a node (this may also be ob- 
tained from (2) § 16, since for the cyclic there are no P, Q invariants) ; and 
f = , y = are the conditions for a cusp.f 



*Cf. Fbobenius, Crelle, vol. 106, pp. 125-188, 1890. The problem of finding the fonns 
when the disoriminants are assigned is there studied; geometrically, this is equivalent to finding 
the system of oyclios with assigned foci. 

fThe explicit values of t, j have been calculated by Catlbt, Two Invariants of the Quadro- 
quadric, 1893, Works, vol. XIIL Cf. Forism of the in- and eircumseribed polygon, 1870, vol. VIII. 
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CHAPTER VL 

Double Ternary and other Methods. 

§ 36. Double teimary method, — In § 10 a minimal line of the plane, or a gen- 
erator of the fundamental quadric, was defined by a parameter X , or a binary 
set X^ : Xg 9 these coordinates will now be replaced by ternary homogeneous co- 
ordinates connected by a quadratic identity. One method of introducing these 
is to establish a (1 , 1) correspondence between the pencil of lines considered 
and the points of a conic : the trilinear coordinates r^r^r^ of the points may 
then be taken as the coordinates of the corresponding lines. Again, by the use 
of line coordinates, the r's may be defined as follows : let the equations, in line 
coordinates, of three fixed generators of the first system (or more generally of 
three fixed linear line-complexes, each of which includes all the generators of 
the second system) be T = , T = , T' = ; the equation of any other gen- 
erator of the first system is then of the form 

(1) r/ + r/' + r/" = ; 

these parameters r. may then be called the ternary coordinates of the line. The 
quadratic identity (obtained by expressing the fact that (1) is a special linear 
complex) is 

R = {ny] + (i-ryi + (rryi + '^{uy.r, + 2(rr)r,r, + 2(rT)r,r, = o , 

where (^r), for example, is the simultaneous invariant of t and f. 

If we introduce ternary coordinates fop each pencil of minimal lines or gen- 
erators in either of these ways, a point may be defined by the six coordinates of 
the two minimal Unes passing through it, 

connected by two quadratic identities 

(3) ii!=0, fif=0. 

The group G^ then consists of those linear transformations of the r's and s's, 
which preserve the identities (3) . See § 10. 

A curve whose partial orders are 2m , 2n (so that the corresponding binary 
form is aj"*aj") is represented in the present coordinates by an equation of the 
form: 



m 



(4) /'(''l>''2'^s; «i,8,,«s)=0. 
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From (3) the same curve is represented by 

(5) f + MR+ N8=0, 

where 3/, N are any double ternary forms of orders (m — 2 , n) and (m , n — 2) , 

respectively ; this lack of correspondence between the curves and the forms may 

be removed, as in § 3 , by the introduction of apolarity : 

Of the system of forms /' + MR + NS^ one and only one^ (/) , is identically 

apolar to R and 8, 

Combining this result with that obtained above for G^ we have : 

The inversion theory of a cui*ve C^^^ in ^ equivalent to the study of the forms : 

(6) /=6r^, R = p\, 8=<f„ 

where f is identically apolar to R and 8, and the ternary variables r, s undergo 
independent linear transformations. 

If r and s are considered as homogeneous point coordinates in distinct planes, 
i2 = represents a conic in the first plane, 8^0 a, conic in the second plane, 
and (4) a reciprocity of orders (m, n) between the two planes; i. e., to each 
point r of the first plane corresponds, by means of /' = , a curve K^ of order 
n in the second plane, and to each point s of the second plane, a curve K^ of 
order m in the first plane. Between the points of the two conies, the reciproc- 
ity /' = , establishes a (2m , 2n) correspondence as follows : to each point of 
the conic R corresponds, on the conic 8^ the 2n points cut out by the curve 
K^ , etc. The same correspondence being established by all the forms (4), the 
theorems above may be restated thus : 

Of oMthe reciprocities (m , n) which establish the same (2m , 2n) correspondence 
between the points of boo conies R , 8, one and only one possesses the property 
that all the curves K^ are apolar to 8, and all the curves K^ apolar to R, 

The inversion geometry of a C^^^^ 2» ^^^ f^^ ^^ equivalent the study of the reci- 
procity (m , n) between two planes, in connection vnth a conic in each plane — the 
reciprocity being apolar to each of the conicsy and the planes undergoing inde^ 
pendent projective transformations, 

§ 37. Application to the cyclic. — The above method is limited to the case 
where the partial orders of the curve are even, so that the simplest application 
is to the cyclics. The forms (6) § 36 are in this case 

and no reduction to apolar form is necessary. The last theorem of the preced- 
ing article takes the form : 

The theory of a correlation betioeen two planes, with reference to two fundamen- 
tal conies in those planes, gives a representation of the inversion geometi^ of the cyclic. 
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Let u.^ V. denote line coordinates in the two planes, and B^ the minor of 6^ 
in |6^| ; then the correlation 

may also be written in any of the forms : 

(2) Ui=llb^h^ ^i=E*iw^*» «i=Z^«^*' ^i=S^a^*' 

k k k k 

and the two points of 8, which correspond to a point r on JB', are cut out by 
the line v given by the second of these representations. 

The correlation transforms R into another conic S' , and S into R , so that 
in each plane we have a pair of conies by whose aid the fundamental points of 
the (2 , 2) correspondence are determined as follows : 

ITie " branch points ^^ of R (i. e., the points for which the corresponding 8 points 
coincide) are L^LJjJL^ , the intersectiond of R and R ; and similarly the branch 
points MyMJUJil^ of 8 dre the intersections of 8 and 8' . The " double points " 
of R (i. e., the points corresponding to the branch points of 8), L'JJ^L'^Ij\ , are 
the points of contact on R of the tangents common to R and R ; the double points 
of 8y 3f[M'^M'^M[, are obtained Hmilarly from the tangents common to 8 and 8\ 

The four sets of points thus obtained represent the biquadratics D^^D^^E^^ E^ 
of § 31 ; and the above construction furnishes a simple synthetic proof of Cat- 
ley's theorem (§ 31) : the pair of conies 8\ 8 being correlative to both i2, R 
and 8^ 8' , it follows that the pairs R , R and 8^ 8' are homographic, and 
therefore the homologous sets of points L^LJLJL^ , Myil^MJII^ (representing the 
discriminants A-D^ have equal anharmonio ratios on the conies i2 and & 

The ternary forms of the concomitants of the cyclic are most conveniently 
obtained from a normal form of the system (1). The binary normal form 
[C] § 28, is 

(3) /= lc{\\ii\ + \X) + l{\\ti\ + XlriX) + 4.m\\ji,ti . 
Putting 

^1 = M » ^2 = ^W » ^i = ^2 > «i = M? » «2 2MiM2» «3 = ^2 5 

SO that the identities are 

i2 = r;» - 4r;r; = S ^ a',* - is'/, , 
equation (8) becomes 

and substituting 

2ir[ = rj + iV, , »-i = »*, , 2i»-; = rj — tV, , etc., 
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we have the required ternary normal form : 

/ = Vi«i + Va + V»«» ' 

where 

(8) 26i = -Jfe-Z, 63 = m, 263 = ifc — f. 

From the concomitants of [C] given in §§ 28, 31, and the transformation 
formulae above, the concomitants of [D] are found to be 



>i 



J- -2236?, /=- 86,6,63, ^=2:6t-22:6?6] 
(or instead of K we may consider K' = I' — ^K= 16^6*6*) ; 

The conies i2, J?, yS^, 5' are covariants of [D]; their concomitants are therefore 
also concomitants of [D] , and expressible in terms of those just written. It is 
sufficient to consider one pair : 

(4) i^=Z^^ R-^Uh'A- 

The invariants of these conies are 

A = l, ^ = 2*^ ^^TfiK, A' = 6J6^6»; 
and the covariants ar^ 

R, R, R' = T.W^<> ^"={bl-hl)m-hl)(bl-b])r,r^,. 
The expressions in terms of the fundamental forms are then, 

(6) 0=-^I, ff=^^K\ A' = ^j^*, i?' = i?,, R'^\E,, R"=S. 

From these relations we may obtain interpretations for the invariants of the 
cyclic of a different character from those given in §33. 

If /= , then 5=0 from (5), i. e., R is harmonically circumscribed as to 
R ; combining this with the construction of the double points given above, 
and LmDEMANN's interpretation of the Hessian, we see that f 

/ = i« the condiiicm that the double points shall form the Hessian quadruple 
of the branch points. 



*8almon-Fiedlee, KegeUehnitte, Chapter 19. 

fLiNOEMANN, Balletin Soci^t^ Math^matiqne de France, vol. 5, p. 119, 1876. 
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Similarly, since d' = if K' = , it follows that 

K' =:0 is the condition that the branch points shall form the Hesmtn quadruple 
of the doable points. 

Finally A=:Oife/=0, so that the conic R degenerates into a pair of lines, 
and the conies R , R have only two common tangents, and therefore 

If J' =i () y the four double points reduce to two ; and the pairs of points on 
R which correspond to the points of 8 , form an involution of which the two double 
points are the foci. 

§ 38. A seiiea of extensions, — An important advance in the theory of binary 
forms is marked by the appearance in 1866 of Hesse's " Uebertragunsprincip." * 
This principle, together with the notion of apolarity, has been the source of a 
series of methods whose best presentation in invariant form has probably been 
given by Franz Meter in his book, Apolaritdt und rationale Curven (1883). f 
The basis of these methods may be stated : the theory of binary forms, or point 
groups on a line, is (roughly) equivalent to the projective theory of surfaces (i. e., 
£ — 1 dimensional manifolds) in a space P^ of k dimensions, with reference to a 
fundamental rational curve Nj^ of the £th order to which the surfaces are all 
apolar. (The possession of an apolar N^ , of course in general specializes the 
surfaces considered.) 

The partial extension of this principle to double binary forms or the inversion 
geometry of curves, which was given in § 36, may be generalized thus : 

The geometry of a C^^^ '^her^ wi = Am' , n = fcn , has foi* an equivalent the 
theory of an (m , n ) reciprocity y 

{a,r, + a^r^+'" + «a+i^*+i)'"'(«i«i + a^s^ + • • • + a^^^s,^,T' = , 

between two spaces, P^ , Pj^ , vnth reference to fundamental curves iV^ , Nj^, in those 
spaces — the reciprocity being identically apolar to each of the curves. 

This principle gives as many methods of treating a C„ ,^ as there are divisors 
h^ k ot m , n . Two choices which are always possible are 1°, A = 1 , i = 1 > 
2®, A = ?n , fc = n . In 1° the spaces F^ , P^ are one-dimensional, and the curves 
iV^ , Nj^ need not be considered, since they coincide with the spaces ; the above 
principle reduces them to a statement of the double binary method, the equiv- 
alent of the geometry of a C^^^ being the theory of the double binary form 
a^a"^ . In 2°, m' = 1 , n = 1 , the reciprocity is bilinear, and the condition of 
apolarity is superfluous : the principle then gives as a repi*esentation of the geom- 



*Crelle, 1866. 

t Also in four memoirs, Mathematiche Annalen, vol. 2t| 1883, especially, Ein neues 
Uebertragunsprincip fur bindre Fonnen deren Ordnungszahl ein nicht prime ist. Of. LiNDBMANN, 
Ueber die Darsteliung bindrer Formen U7id ihrer Covarienten durch geometrishe Gebilde im Raumty 
Mathematische Annalen, vol. 23, pp. 111-142, 1884. 



1900] OF THE ENTEBSION GBOUP 498 

etry of a q.,„, the projective theory of a linear reciprocity between spaces of 
dimensionalities h^ k^ with reference to fixed rational curves of orders h, kin 
those spaces. 

The characteristic feature of the methods obtained in this chapter (including 
as a special case the double binary) is that they are concerned with two distinct 
spaces or with double forms, thus differing essentially from the quaternary 
method. The connections between the double binary and quaternary methods, 
which were considered in chapter IV, admit of generalization to double ternary 
and higher methods ; and the same is true of most of the results in chapter I. 

Columbia IJNivEBsriT. 
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